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PREFACE 


T HR aim of this book is to give as complete an account as possible 
of our present experimental and theoretical knowledge of the 
nature of atomic nuclei. The book is written from the theoretical 
point of view and no details of experimental methods are given. 
References are given to the experimental papers from which numerical 
data are taken, but not to theoretical work. I am glad to express my 
thanks to Prof. N. Bohr and to my friends H. Casijvur, F. Houtkk- 
mans, L. Landau, and N. F. Mott for valuable advice concerning 
different questions treated in the book; also to Miss B. Swmuss 
for the difficult work of revising the manuscript for publication in 
English. 

(i. a. 

INSTITUTE FOR THEORETICAL PHYSIOS, 

COPENHAGEN. 

1 May 1931. 
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VALUES OE PHYSICAL CONSTANTS* 


Velocity of light 

Quantum constant . 

Elementary charge . 

Mass of electron 

Mass of proton . 

Mass of a-particlc 

Magnetic moment of 
electron 

Magnetic moment of 
proton . 

Radius of normal 77- 
orbit 

Reciprocal of finc- 
structure-constant . 


c = (2-99796±0-00004) x 10 10 cm. see K 

K = ~ = (l-0420±0-00l3) X 10-» erg. see. 

(4-770±0-005) x 10 -» abs. E.S.U. 
m e = (9-035± 0-010) X10- 28 gr. 
m p = (1-6G09±0-0017)X 10 21 gr. 

m a ^(6-598±0-002)xl0~ 2 *gr- 


g c = (0-9175A:0-0013)X 


Up = (0*4967 ; t0-0010)x 10 23 erg. gauss *. 

a 0 - (0-5285±0-004) x 10" 8 cm. 

1 

a. 


To transfer: 

I Electron Volts into Ergs . 

■ into Electron Volts . 

\ Mass-Units into 

ljj e \ 

rgs into Mass-Units I —\ 

Mass-Units into Electron Volts 

Electron Volts into Mass- Units 
Wave-length of light 


multiply by: 

X 1-5911 x 10 12 
X 0-0285X10 1 12 

X 1-483X10 3 


X 0-0743 v KM 3 


X 0-9321 X 10t® 
X 1-0729x10 • 


1*9628 x 10- 10 cm. 1-2330 X 10 * cm. 

Energy of quanta (in ergs) Energy of quanta (in volts) 
f 1 X.U. = 10~ U cm. 

11 A = 10~ 8 cm. 

U inch = 2-54 cm. 


R. T. Birge, Pliyt). Rev., Suppl. I, 1, 1929. 



THE CONSTITUENT 


OE ATOMIC 


PARTS AND THE 
NUCLEI 


ENERGY 


§ 1. Introduction. 

Since the nuclear model of the atom was first suggested by E. Ruther¬ 
ford in 191.1 physical research has been mainly occupied with the 
investigation of the motion of the extra-nuclear electrons which are 
responsible for the main physical and chemical properties of the 
atom. In the work of N. Bohr and Ids school the quantum theory 
of atomic constitution has been brilliantly developed, and is now, 
with the help of the quantum mechanics of Heisenberg and Schro- 
dinger, practically completed. 

It very early became clear that the nucleus itself is not an ele¬ 
mentary particle, but in its turn has a rather complicated structure. 
The discovery of radioactivity and its interpretation, due to Ruther¬ 
ford, as the spontaneous disintegration of atomic nuclei, show that 
the nuclei of heavy elements are not stable and can change into the 
nuclei of lighter elements, with the liberation of immense amounts 
of energy. Still later Rutherford succeeded in producing artificial 
disintegration of the usually stable nuclei of certain light elements 
by bombarding them with fast particles. 

In accordance with the concepts of modern physics we assume that 
all nuclei are built up of elementary particles - protons and electrons. 
There is also no doubt that a very important part in the nuclear 
structure is played by tv-particles, which are constructed from four 
protons and two electrons; the ejection of these particles is observed 
in the disintegration of heavy unstable nuclei. The extraordinarily 
large energy of binding of re-particles is responsible for the fact that 
even when there is strong interaction within the nucleus, the ot- 
partieles may he treated as individuals and do not split up into 
separate protons and electrons. The fact that the masses of different 
nuclei are always very nearly whole numbers, if we take as basis the 
mass of the helium nucleus,* seems to indicate that heavy nuclei are 
mainly constructed from re-particles. It gives rise to the classifi¬ 
cation of atomic nuclei into four classes, corresponding to the mass- 
numbers 4n, 4n 1-1, 4»-J~2, 4»-f3, where n is an integer. In the 
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Thlii does not hold if tho //-nuolous is used m basis. 
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2 CONSTITUENT PARTS AND ENERGY OF NUCLEI I, § 1 

nuclei of the first type all the protons are supposed to bo packed up 
into a-particles, while in the nuclei of the other typos, one, two, or 
three ‘loose protons’ are present, not packed into a-particles and 
therefore comparatively weakly bound. Here also wc must distin¬ 
guish between the 4 loose nuclear electrons’ and those which are bound 
in the nuclear a-particles. 

When we know the mass and charge of the nucleus it is easy to 
estimate the total number of a-particles, loose protons, and loose 
electrons in it. However, as we shall see later, it is not certain that 
all possible protons are packed into a-particlcs; there is quite definite 
evidence that in heavy nuclei there can be more than three loose 
protons without the formation of a new a-particle.* Nevertheless, we 
may retain the old classification for the formal description and 
systematization of the different types of nuclei. 

It might seem that the structure of the nucleus could be explained 
in the same way as that of the atom by applying the principles of 
quantum mechanics, as developed so far, but this is only partially 
true. We can easily estimate from the dimensions of nuclei that 
the heavy constituents of the nucleus, protons, and a-particles have 
inside the nucleus velocities small compared with the velocity of 
light, and may, therefore, be expected to obey the laws of the un- 
relativistic quantum mechanics. This expectation is fulfilled; as we 
shall see later, no fundamental difficulties arise in the treatment of 
the heavy constituent parts of the nucleus by quantum mechanics. 

<o This is no longer true of the nuclear electrons. From Heisen¬ 
berg’s uncertainty principle wc can estimate the uncertainty of the 
momentum p of an electron in the nuclous. This is defined by the 
relation 

>h m 

where A q is the uncertainty of a co-ordinate of the electron and 1i 
the quantum constant. The uncertainty of the co-ordinate is certainly 
smaller than the nuclear radius r 0 , which, as we shall see later, can 
be taken to be of the order of magnitude 10" 12 cm. Substituting 
these numerical values we have 

A p>~‘ • 10~ 15 erg. sec. cm -1 . 

* See an ^published article by II. Casimir: ‘Sind alio Totraprotidmi Alphidm 
cv These signs mark the more speculative passages about nuclear oluctron;;. 
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I. SI 

As is well known, we can apply non-relativistic mechanics if the 
momentum is small compared with the quantity me, where m is the 
mass of the particle and c the velocity of light. For the proton and 
electron we have respectively: 

m p c — 4-95.10~ 14 erg. sec. cm -1 , 
and m e c — 1-8.10~ 17 erg. sec. cm -1 . 

Thus we see that for the nuclear proton the relativity correction may 
be practically neglected as the momentum is about fifty times smaller 
than m p c. On the other hand, the motion of a nuclear electron must 
be treated rclativistically since the velocity is practically equal to 
the velocity of light.* 

The treatment of relativistic motion in quantum mechanics has 
presented very great difficulties up to now. Attempts have been 
made to generalize the non-relativistic quantum mechanics. Bela- 
tivistically invariant wave-equations have been proposed by Dirac 
and have boon successfully applied to the description of electron spin 
and many features of the relativistic motion of electrons in the atom. 
Nevertheless, Dirac’s equations are not the complete solution of the 
problem; they can be successfully applied to the extra-nuclear elec¬ 
trons where the relativity corrections are small, but fail completely 
if applied to nuclear electrons. The difficulties arise particularly in 
connexion with the so-called ‘states of negative energy’. Already in 
classical mechanics it was known that the relativistic equations of 
motion have two classes of solution, corresponding to positive and 
negative values of the ‘Buhenergie’ -{-me 1 or -—me 2 ; this is often 
interpreted as ‘positive or negative mass’. The particles with nega¬ 
tive total energy (or negative mass) would have very peculiar 
properties and have never been observed. For such particles the 
force and acceleration are directed in opposite directions. If two 
electrons, one of ‘positive’ and the other of ‘negative mass’, meet, 
then the first will be repelled and the second attracted to the other 
one; both electrons will fly away one behind the other with infinitely 
increasing velocity, giving an amusing picture of electronic races. 
In classical mechanics the two classes of solution are completely 



whore v is the velocity of the particle, we got for a 



4 CONSTITUENT PARTS AND ENERGY OK NUCLEI I, § I 

independent, and we can avoid the difficulty simply by assuming 
that the solutions with ‘negative mass’ do not correspond to any 
physical reality, so that we need only consider the solutions with 
positive mass. In wave mechanics, however, both typers of solution 
are not completely separated, and transitions from one type of solution 
to the other are possible. From Dirac’s equations we get that the 
probability for an electron of positive mass to jump spontaneously 
to a level of negative energy (+mc 2 ->— me 2 ), with radiation of the 
difference of energy, is large, and the ordinary electron of positive 
mass would not exist for more than 10~ 11 sec. We notice here that 
this paradox appears to have certain analogies in nature. The 
so-called cosmic rays consist of light quanta* which have- energies 
of the order of magnitude m p c 2 , as estimated from the absorption 
coefficient. If this is correct we must consider the. possibility of the 
spontaneous annihilation of a proton and electron in which the total 
rest-energy is emitted in the form of very hard radiation; the prob¬ 
ability of such a process must, however, be very small. 

This difficulty becomes particularly clear if we try to treat the 
problem of tho reflection of a parallel beam of electrons at a high 
potential barrier by means of Dirac’s equations. Suppose the elec¬ 
trons of given kinetic energy E to fall on a barrier duo to a sudden rise 

of potential from zero up to a 
certain values TJ 0 . If U 0 > E, wo 
x — should expect all tins electrons to 

! be reflected from barrier. The 

\ Uo solution of Dirac’s equations for 

y;_ x this simple problem shows that 

this is only true for values of U a 
below a certain value. If is 



greater than E-\2m () c?, it is pos¬ 
sible for an electron to penetrate into the potential barrier, changing 
the sign of its mass, and escape as a particle of ‘negative mass’ 
(Klein’s paradox). The probability of this is great and a large per¬ 
centage of the incident electrons would pass the potential barrier. 
From these considerations it follows, for example, that an electron 
could never stay in tho nucleus. If wc try to treat in this way tho 
problem of an electron in a deep potential bole of the dimensions of 


* question whothor tlio cosmic rays consist of radiation or of very fast 
electrons is not, however, at present settled. 
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the nucleus we shall fmd that, although the electron has not sufficient 
energy to leave tho hole as a particle of positive mass, it will never¬ 
theless immediately escape by changing tho sign of its mass. 

In addition to these formal difficulties of relativistic quantum 
mechanics there are experimental facts which show that the problem 
can hardly be solved by some simple modification of the ordinary 
wave-equation. Tho usual ideas of quantum mechanics absolutely 
fail in describing tho behaviour of nuclear electrons; it seems that 
they may not even be treated as individual particles (p. 27), and also 
the concept of energy seems to lose its meaning (p. 52). The problem 
of finding the equation of motion for a particle moving with a 
velocity comparable with that of light evidently cannot he solved 
without taking into account that also the interaction of particles is 
propagated with finite velocity c, that is, without first developing a 
quantum electrodynamics. These problems arc also closely connected 
with tho fundamental question of the origin of the discrete masses 
and charges of the elementary particles. We must hope that the 
future development of theoretical physics will enable us to answer 
these important questions and give a complete explanation of these 
obscure phenomena. 

We should expect that, owing to the strong interaction between 
the nuclear electrons and the heavier constituents of tho nucleus, it 
would be impossible to investigate theoretically any of tho nuclear 
processes, fortunately this is not so. For some unknown reason, 
although the electrons in the nucleus behave in a peculiar and obscure 
way, this does not affect very much the laws governing the motion 
of tho nuclear «-particles and protons; we can treat nuclear processes 
involving only a-particles and protons independently of the presence 
of tho nuclear electrons. <o 

§ 2. Classification of Nuclei. 

In the system of atomic nuclei each nucleus can be characterized by 
its mass and its electric charge. We have already seen that tho 
masses of all nuclei are very nearly whole numbers if we take as basis 
the He-nueleus (M IXe = 4-0000). The charge is always an integral 
multiple of tho charge of an electron. Thus we can ascribe to each 
nucleus two whole numbers, the mass-number, M, and tho charge- 
number, Z. It is evidently possible to have several nuclei with the 
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same charge but different mass (isotojies), and of the same mass but 
different charge ( isobares ). 

We have now, mainly due to the investigations of Aston, very full 
information about the different nuclei. In Table I the complete list 
of nuclei known at present is given, arranged according to the charge- 
number. 


Table I«- 

[The radioactive nuclei are marked by :t! ; the round bracket* indicate 
uncertain values] 





Relative* 8 

! 



Relative* 1 2 3 


Charge** 

Mass-* 2 5 * 

abun¬ 


Charge- 

Mass- f2 

abun¬ 


number 

number 

dance of 


number 

; number 

dance of 

Element. 


A. 

isotopes. 

Element. 

Z. 

A * 

isotopes. 

H 

1 

1 

100 

|i .. 


f 10 

c.100 

He 

2 

4 

100 

jj O 

8 

J IP 7 

* 0*03 

Li 

3 

/ 0 

0 



l 1« (7 

-0*15 


1 7 

94 

F 

9 

19 


Be 

4 

r 8« 

<0*1 



r 20 


X 9 

c.100 

! No 

10 

i 21 


B 

6 

/ 10 

22 

I 

1 


L 23 



X 11 

78 

1 Na 

11 | 

23 


rj 

6 

f 12 

c.100 


j 

r 24 



X 13 <5 

<0*1 

| Mg 

12 ! 

« 25 


N 

7 

/ M 

c.100 



l 20 



X 15 <fl 

-0*1 

i Al 

13 

27 



1 In rocont letters to Nature (vol. exxvi, p. 9.13 (1930); voL exxvii, pp. 233* 59 i 
(1931)) Aston gives the isotopic constitution of Tungsten, Osmium, Ruthenium, and 
Rhenium: 

w I Mass-Numbers: 182; 183; 184; 180, 

\Rolat. abundance: 22-0; 17*2; 30*1; 30 0. 

[Mass-Numbers: 186; 187; 188; 189; 190; 192. 

(Rolat. abundance: 1*0; 0*0; 13*5; 17*3; 25*I ; 42*0. 
n I Mass-Numbers: 90; (98); 99; 100; 101; 302; 104. 

U ‘ [ Rolat. ahundanco: 5; (?); 12; 14; 22; 30; 17. 
j., [Mass-Numbors: 185; 187, 

1 ‘ \ Rolat. abundance: 38; 02. 

2 Aston, Phil. Mag., vol. xlix, p. 1191 (1925). 

3 Aston, Proa. Iloy. Soc., A, vol. exxvi, p. 511 (1030); vol. oxxx, p. 302 (1031); 
Nature, vol. cxxiii, p. 313 (1929). 

When there are only two isotopes the relative percentage can be easily estimated 
from the chemical weight. 

4 Watson and Parker, Phys. lieu., vol, xxxvii, p. 107 (1931). 

5 King and Bridge, Nature , vol, cxxiv, p. 182 (1929); A sir, Journal , vol. IxxR 
p. 19 (1930). 

0 Meiring Nando, Phys. Per., vol, xxxvi, p. 333 (1930). 

7 Giauque and Johnston, Nature , vol. cxxiii, p. 318(1929); vol. cxxiii, p. 831 (1929)* 
Childs and Mocko, Zs.J. Phys., Bd. 08, p. 302 (1931). 
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Elomont 

Si 

P 

S 

Ci 

Ar 

K 

Ca 

So 

Ti 

V 

Or 

Mu 

F© 

Co 

Hi 

Cu 


Zn 


Ga 


Charge - 
number 
Z. 


14 

16 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 


30 


31 


Mass~ (l 

number 

A. 


{ 


U 

abun¬ 
dance of 
ii 


41 

<1 


94-8 


4-9 

81-6 

10*4 


48-0 

2*5 

6*3 

17*1 

0-85 

0*38 


Elomont. 


Go 


I 


As 


So 


Br 


Kr 


Rb 

Sr 

Y 

Zr 


Mo 


Ag 


Charge- 

number 

Z. 


32 


33 


34 


35 


36 


37 

38 

39 

40 


42 


47 


Mass -* 1 

number 

A. 


70 

71 

72 

73 

74 

75 

76 

77 
75 
74 
70 

77 

78 
80 
82 

/ ™ 
\ 81 

78 
80 
82 

83 

84 
86 

f 85 
b 87* 
r 86 
\ 88 
89 
r 90 
I 92 
1 94 
l 96 
92 

94 

95 
96 (S 

97 

98 
U00 

r!07 

U09 


b 3 See p. 6, nn. 2 and 3. 

3 Hottnor and Bohmo, Naturwws Bd. 19, p. 252 (1931). 

4 Aston, Nature , vol. cxxvi, p. 200 (1930). 

6 Ibid,, p. 348 (1930). 


Relative^ 3 
abun¬ 
dance of 
isotopes. 


0*4 

2*5 

11*8 

11*8 

66*8 

16*7 


14*2 

10*2 

15-5 

17*8 

9*6 

23*0 

9-8 
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So© p. 6, mu 2 and 3. 


nhuu- 

numhor of 


200 

28'8 

201 

18*7 

202 

20*8 

204 

0*8 

203 

30 

205 

70 

207* 


208* 


210* 


200 

80*8 

207 

0*3 

208 

3*9 


( 201 )) 

* 210 * 

211 * 
2ni* 
.214* 
r 209 

210* i 
,211* i 
212* ; 
214* I 
•210* ! 
211* 
212 * 


214* 
215 * 
210 * 
218* 


J 220* 
I 222 

223* 
221 * 
220 s ** 
228* 
227* 
.228* 
227* 
228* 
280* 
232* 

284* 

281* 

284* 

1.238* 






iher of loose electrons in the nue 






. 2 c. Number of loose electrons in the nuclei of 4n-f 2-type. 
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I. §2 

From the mass- and charge-number of a given nucleus we can 
easily calculate the number of a-particles, N a> of loose protons, N p , 
and of loose electrons, N e , from which the nucleus is constructed, if 
we make the hypothesis that there are never more than three protons. 
The result is shown in Fig. 2 a,b,c,d, where the number of loose 
electrons in the nuclei of the four different classes is plotted against 
the number of a-particles. The figure is especially regular for nuclei 
of the 4n-type. The number of nuclear electrons bound to the 
a-aggregate is always even, a new pair appearing at certain points. 
At such points we have two isobares with charge-numbers differing 
by two. 

At those points where the new electron-shell is built up we may 
expect the existence of nuclei with very loosely bound and possibly 
unstable electrons; it is quite possible that the natural /3-activity of 
certain fight elements (K, Z = 19, A = 39; 41, and Rb, Z = 37, 
A = 85; 87), situated just near the jumps of the curves (Fig. 2), is 
connected with this instability. 

§ 3. Energy of Binding of Nuclei (Mass-defect). 

As complex nuclei are stable they must have a certain negative 
energy of binding, —E. According to the general principles of the 
theory of relativity, the mass of the nucleus is not equal to the sum 
of the masses of its constituent parts, but less than this by an amount: 

MX-*- ( 2 ) 

c A 

where c is the velocity of fight. This mass-defect of complex nuclei 
can actually be deduced from the accurate measurements of atomic 
weight, carried out largely by Aston. For example, the mass of an a- 
particle, constructed from four protons (m H = 1-6609 XlO -24 gr.) and 
two electrons (m e — 9-035 x 10~ 28 gr.) is actually only 6-598 x 10 -24 gr., 
whereas 4m H + 2 m e — 6-645 x 10~ 24 gr. (2') 

The difference, 0-047 x 10~ 24 gr., corresponds to the energy of binding 
42-3 X 1O -0 erg. The large value of this energy helps us to understand 
why a-particles figure in the nucleus as indivisible units. In cal¬ 
culating the mass-defect of other complex nuclei, we shall treat them 
as constructed from a-particles as units, protons (not more than 
three), and electrons. 

The exact values of the atomic weights of the elements investigated 
up till now, and the energies of binding calculated from them, are 
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shown in Table II, A, B, C, D, and in Fig. 3, where the mass-defect 
of the four different types of nuclei is plotted against the number of 
a-par tides. 

Table II a 
Nuclei of in-type. 




Number 

Number 

Exact (l 

1 Binding energy 

Name of 

Charge 

of 

of loose 

atomic 


- 

Probable 

the 

number 

a-p articles 

electrons 

weight 

K in 

#Xl0” e 


nucleus. 

Z . 


. N+ . 

A. 

Mass-Units. 

volt. 


Iie 4 

2 

1 

' ~0 

4-0000 

— 



c 12 

6 

3 

0 

11-9971 

0*0029 

2-7 

4*3 

o lfl 

8 

4 

0 

15-9914 

0*0086 

8-2 

12-7 

Ne 20 

10 

5 

0 

19-9892 

0-0108 

10 

16-0 

Ago 

18 

9 

0 

35-957 

0-043 

40 

64 

■^40 

18 

10 

2 

39-949 

0*051 

48 

76 

Cr B2 

24 

13 

2 

51-920 

0-080 

75 

119 


30 

16 

2 

63-903 

0-097 

91 

.141 

Kr 80 

3G 

20 

4 

79-883 

0-117 

109 

174 

Kt 84 

36 

21 

0 

83-883 

0-117 

m 

174 

Mo 100 

42 

25 

8 

[ 99-891 

0-109 

102 

m 

Sn U2 

50 

28 

6 

111-858 

0-142 

m 

211 +50 

S%16 

50 

29 

8 

115-852 

0-148 

138 

219 

Sn 12 o 

50 

30 

10 

119*847 

0-153 

143 

227 

Sn m 

50 

31 

12 

123-842 

0-158 

147 

234 

Xe 124 

54 

31 

8 

123-867 

0-133 

124 

197 

^ e 128 

54 

32 

10 

127*863 

0-137 

128 

mi 

Xe 182 

54 

33 

12 

131-859 

0-141 

131 

209 

^ e 18 fl 

54 

34 

14 

135-855 

0-145 

135 

215 


80 

49 

18 

195-910 

0-090 

84 

m 

^6200 

80 

50 

20 

199-908 

0-092 

m 

136 

^204 

80 

51 

22 

203-906 

0*094 

87 

139 ±00 

^208 

82 

52 

22 

207-905 

0-095 

89 

Ml 


Table II b 


Nuclei of 4n+l-: 


Name of 
the 

nucleus. 

Charge 
number 
Z . 

Number 

of 

a-particles 

Noc- 

Number 
of loose 
electrons 

AV 

Exact 

atomic 

weight 

A . 

Binding energy 

error 

% in 

Mass-Units, 

ExlQ-* 

volt. 

Ex 10* 
<*g- 


6 

3 

1 

12-87 

0-011 

10*7 

16*3 


C1 37 

17 

9 

2 

36-960 

0-047 

44 

70 

+ 


35 

20 

6 

80-882 

0-125 

116 

185 

+30 

8n 11? 

50 

29 

9 

116-883 

0*154 

143 

228 

+5S 

® n iai 

50 

30 * 

11 

120-846 

0*161 

160 

239 


Hg a0 i 

80 

50 

21 

200-908 

0*099 

92 

147 

Ay,, 


1 Atomic weights are calculated on the basis He 4-0000. The exact values are 
taken from Aston’s paper: Proc. Boy. Soc., A, vol. exv, p. 487 (1927); and from 
his later publications (see references to the Table I). The value for O w is 
from spectroscopic measurements of the bands of O, by Meoke and Wurm, Za.f. 

Bd. 61, p. 37 (1930); the recent measurements of Babcock and Birge, Phys. 
vol. xxxvii, p. 233 (1931), give a considerably lower value: 0-018 M.U. 
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Table lie 

Nuclei of 4 n-{-2-type. 


Name of 
the 

nucleus. 

Charge 

number 

Z. 

Number 

of 

^-particles 

Na- 

Number 
of loose 
electrons 
N e . 

Exact 

atomic 

weight 

A. 

Binding energy 

■ Probable 
error 

in 10'* erg. 

E in 

Mass-Units. 

Ex 10-* 
volt. 

Ex 10 fl 
erg. 

Li, 

3 

1 

1 

6-009 

O'OOO 

5-6 

8-9 

±3-1 


5 

2 

1 

10-008 

0-007 

6*5 

10-4 

±3*8 

N „ 

7 

3 

1 

14-000 

0-015 

14 

22 

±6 

0« 

8 

4 

2 

(17-981) 

(0*034) 

(31) 

(40) 

±18 

N°22 

10 

5 

2 

21003 

0-022 

21 

33 

4-8 

Ni„ 

28 

14 

2 

57-911 

0104 

97 

154 

±27 

Kr„ 

36 

19 

4 

77-884 

0*131 

122 

194 

±36 

Kr, a 

36 

20 

G 

81-883 

0-132 

123 

196 

±31 

Kr M 

36 

21 

8 

85-883 

0-132 

123 

190 

±33 

MOg, 

42 

24 

6 

97-892 

0-123 

114 

182 

±30 

Sn 1M 

50 

28 

8 

113-856 

0-159 

148 

236 

±50 

Sn„, 

50 

29 

10 

117-850 

0-165 

154 

245 

±53 

Sa n2 

50 

30 

12 

! 121-845 

0-170 

159 

252 

±55 

Xe ia , 

54 

31 

10 

125*865 

0*150 

140 

222 

±56 

Xem 

54 

32 

12 

129-861 

0-154 

143 

228 

±58 

Xe 1M 

54 

33 

14 

133-857 

0-158 

147 

234 

±59 

Hg las 

80 

49 

20 

197-909 

0-106 

99 

157 

±89 

Hg aoa 

80 

50 

22 

201-907 

0-108 

101 

160 

±90 

n a o. 

82 

51 

22 

205-905 

0-110 

103 

163 

±92 


Table II d 
Nuclei of 




Number 

Number 

Exact 

| Binding energy 


Name of 

Charge 

of 

of loose 

atomic 




Probable 

the 

number 

a-particles 

electrons 

weight 

E in 

Ex 10“« 

J£xl0« 

error 

nucleus. 

Z. 

N a . 

N e . 

A. 

Mass-Units. 

volt. 

erg* 

in 10"® erg. 

Li 7 

3 

1 

2 

7*008 

0*014 

13 

21 

±4 

B u 

5 

2 

2 

11*005 

0*017 

16 

25 

±4 

P 19 

9 

4 

2 

18-990 

0*032 

30 

47 

±5 

P,1 

15 

7 

2 

30*966 

0*056 

52 

83 

±12 

ci„ 

17 

8 

2 

34-964 

0*058 

54 

86 

±13 

Asj, 

33 

18 

6 

74-894 

0*128 

120 

190 

±28 

Br 7 a 

35 

19 

6 

78*886 

0-136 

127 

202 

±30 

Kr 88 

36 

20 

7 

82-882 

0-140 

131 

208 

±31 


50 

28 

9 

114-854 

0-168 

157 

249 

±53 

Sri! 

50 

29 

11 

118-849 

0-173 

162 

257 

±66 

Il27 

53 

31 

12 

126*864 

0-158 

147 

234 

±56 


54 

32 

13 

180-860 

0-102 

151 

240 

±58 

Hftn 

80 

49 

21 

198-909 

0-113 

106 

168 

±89 

PI 807 

82 

51 

23 

206-905 

0-117 

109 

174 

±92 


We see that the energy decreases with increasing complexity of 
the nucleus, reaching a minimum for N a about equal to 30. This 
m inim um gives rise to a serious difficulty in the interpretation of 
nuclear stability. For if the curve as marked by the experimental 






( 16 ) 



Fig, 3. Mass-defect curve t relative to a-paritdes). 
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points goes up again for nuclei of mass-number greater than 120 
(N a > 30) we have to expect spontaneous a-disintegration for ele¬ 
ments of atomic mass greater than 120, as the ejection of an a-partiele 
is accompanied by the liberation of energy. The rate of such trans¬ 
formations, which can be approximately estimated from the known 
energy-difference, would be rather rapid, and the radioactivity of 
these elements should be easily observed. Actually, as we know, 
none of the elements with atomic weight between 120 and 208 is 
found to be radioactive. 

We shall investigate more carefully the question of the contribu¬ 
tion of the different constituents of the nucleus to the total energy 
of binding and the precise shape of the mass-defect curve, marked 
in this region (120 < M < 208) only very roughly by the few known 
experimental points. We shall at first treat the nucleus built from 
a number N a of a-particles only. This holds for the first ten elements 
of atomic mass 4n. For the heavier elements, as shown by Fig. 2, 
a certain number of free nuclear electrons is always present. To 
explain the possibility of a stable configuration of positively charged 
a-particles we must assume some attractive forces which come into 
play only for a close approach of two a-particles and overbalance at 
short distances the forces due to electrostatic repulsion. We have 
experimental evidence of the presence of these forces from the in¬ 
vestigations of the anomalous scattering of a-particles in helium for 
very close collisions. The important point for the development of 
a nuclear model, constructed from a number of a-particles, is the 
question of the quantum numbers to be ascribed to the different 
a-particles. The solution of this question is simple; all a-particles in 
the nucleus must be considered to be in the same state of lowest 
energy. This is due to the fact that the Pauli exclusion principle, 
which requires the electrons in the atom to be distributed in different 
shells, is not applicable to a-particles since they have an even charge. 
It can be shown from general principles of quantum mechanics that 
the Pauli principle need only be applied to a collection of similar 
particles, each constructed from a certain number of protons and 
electrons, when the total number of protons and electrons in each is 
an odd number, or, in other words, when the resultant charge of each 
particle is odd.* Since the number of a-particles on the same level 

* Recently the validity of these theoretical considerations as applied to the nuclei 
has become doubtful (see p. 27). Wo can, however, b© sure that the Bose statistics 
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is unlimited, we should expect that in an unexcited nucleus all the 
a-particles are in the same state of lowest energy, that is, on the first 
quantum level. 

In exa minin g such a collection of particles, all with equal energies 
and attracting each other with forces decreasing very rapidly with 
the distance, without a predominating central body, we have a pro¬ 
blem different from that of the extra-nuclear structure. The be¬ 
haviour of such an aggregate must be rather similar to that of a small 
drop of liquid, where no forces act on a particle inside the drop, but 
very strong forces come into play when the particle approaches the 

|U(r) 


-r 

■E 

I a 

Fig. 4 a F«o. 4& 

boundary (surface tension). Although no exact theory of such an 
aggregate can be worked out at present (due partly to our ignorance 
of the law of force at small distances and partly to mathematical 
difficulties in the treatment of such a complex system), the general 
properties of such a model for the nucleus may be easily obtained. 
First of all we may expect that the volume of such an aggregate 
would be almost proportional to the number of particles, so that the 
nuclear radius would vary approximately as the cube root of the 
mass-number; this conclusion agrees more or less with the experi¬ 
mental evidence. The potential inside such a model must bo more 
or less constant inside the nucleus and increase sharply at the 
boundary, the distribution forming a ‘potential hole’ of the shape 
shown in Fig. 4 a. 

The total energy of such a model is roughly proportional to the 
total number N a of a-particles. We must now take into account the 
additional energy due to the Coulomb forces. These forces will not 

must be applied for a-particles, from direct experimental evidence: the investigations 
of helium-band-spectra have shown that the nuclei in the holium-moleculo must bo 
described by symmetrical wave-functions (p. 26). 
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change very much the distribution of potential inside the nucleus 
where the attractive forces predominate. The effect of the repulsive 
forces is to reduce the value of the potential at greater distances from 
the centre, giving rise to a ‘potential barrier’ (Fig. 4b). 

The additional energy due to the electrostatic energy of the 
particles can be estimated as the energy of a sphere of radius 
r 0 ^ j? 0 3 V(iV a ) (B 0 — 2-2 x 10 -13 cm.) and charge +2e2V a . Thus we 
have for the total energy of the model, 


E' 


■ ON,'■ 


(2eN a ) z 


-CN„- 


» x a * 
ltd 


( 3 ) 


For small values of N a this formula gives negative decreasing 
energies; for a certain N a it reaches a minimum, so that a nucleus 
constructed from a larger number of a-particles would be unstable. 
As we have already said, this formula may be applied only to the 
first ten nuclei of the 4n-type which, according to the usual theory, 
are the only ones constructed entirely of a-particles. If we choose 
the coefficient C so as to fit the mass-defects of the first few elements, 
we find that the curve reaches a minimum round about N a = 20, so 
that an aggregate of a greater number of a-particles would be un¬ 
stable; this is not important, however, as for the actual nuclei of 
heavier elements (N a > 10) the loose electrons must be taken into 
account in the discussion of stability. 

<v> We do not at present know much about the properties of elec¬ 
trons inside the nucleus and we must be prepared to meet with diffi¬ 
culties; therefore we can hardly expect at present to understand all 
the peculiarities of the energy-curve as they doubtless depend on the 
properties of the nuclear electrons. However, certain possibilities 
may be discussed, the validity of which depends entirely on the 
degree to which the usual concept of energy may be applied to 
electrons inside the nucleus. 

We have seen that for N a = 10 the first stable electron-level 
appears in the nucleus, two electrons being bound to the original 
a-aggregate. As such a combination of a-particles and two electrons 
is stable for N a > 10, its energy-curve must lie beneath the curve 
for the bare a-aggregate. The two curves are represented in Fig. 5 
crossing one another near JV a = 10. The next electron-shell appears 
at N a = 16, so that the curve N 0l -\-4e must cross the previous 
curve near this point. The lowest parts of the curves (shown by 
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black circles) represent stable nuclei, while tlio inside brandies give 
either unstable elements with two electrons ready to escape (left-hand 
branches) or the ‘ionized’ nuclei ready to absorb one or more pairs 
of electrons (right-hand branches). Wo see that, owing to the addi¬ 
tion of electrons, the stable (descending) part of the curve can be 
continued much further than for a bare ^-aggregate. 

The most interesting part of the experimental energy-curve is the 
ascending branch, for N a > 30. It seems that the nuclei in this region 



• Stable nuclei 
o Unstable nuclei 


Fig. 5. Hypothetical shape of maBg-dofeot curve. 

must inevitably be unstable. For this region, however, the experi¬ 
mental knowledge is rather scanty, as most of the mass-defects and 
even isotopic numbers have not yet been measured. The only 
moderately accurate values are those for Hg and Pb, which show the 
general increase of the energy for N a > 30. We can try to account 
for the existence of stable nuclei in this region, in spite of the average 
increase of the energy, by assuming that the energy-curves are of the 
type shown in Fig. 5 (Region II). We see that the nucleus ‘A’ can 
eject neither an a-particle (transformation to ‘O’) nor two electrons 
(transformation to ‘B’), since both processes are endothermic and 
cannot occur spontaneously without the introduction of external 
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energy. The only possible transformation is to ‘D’ with simultaneous 
ejection of an a-particle and two electrons, but, as it is easy to see, 
the probability of such a double disintegration is extremely small. 
We may expect some gaps in the series of isotopic numbers corre¬ 
sponding to the unstable region; unfortunately, the isotopes in this 
region have not been investigated sufficiently completely, and we 
cannot, therefore, give any experimental proofs of the accuracy of 
these. deductions. 

In the region of radioactive elements the mass-defect curve can 
be drawn without difficulty, as the differences of the energy of binding 
of successive radioactive nuclei can be directly estimated from the 
known energy liberated in each a- or ^-transformation. If we draw 
the curves for nuclei containing the same number of free electrons 
it will be seen that there are three ascending branches, crossing one 
another near the ^-disintegrating products. It is seen from the figure 
that there is a possibility of a single transformation with liberation 
of energy, from one curve to another at the joints. This differs from 
the state of affairs in the Region II, where the only possibility is a 
highly improbable double disintegration. <v> 

§ 4. Relative Abundance of Different Nuclei. 

Another interesting question connected with the general constitution 
of atomic nuclei is that of the relative abundance of different types 
of nuclei in the universe; this gives us information about the relative 
stability of different nuclei. The abundance of different elements 
depends not only on the special properties of their nuclei but also on 
the cosmological factors governing the origin of the elements. The 
chemical analysis of the universe (in practice of the earth’s crust and 
of meteorites) gives us only the abundance of different chemical ele¬ 
ments. As most elements are a mixture of several isotopes, a know¬ 
ledge of the proportions of different isotopes of a given element is 
necessary in order to know the relative abundance of different kinds 
of nuclei. In Fig. 6 the logarithm of the abundance of different nuclei 
is plotted against the mass-number. We see that nuclei of the type 
4 n occur much more frequently than nuclei of other types (Harkins’s 
rule). The rarest are the nuclei of the type 4»-f 1, which is evidently 
connected with the fact that, as we have seen from the mass-defect 
curves, the proton in nuclei of this type is very loosely bound. Con¬ 
siderations based on the relative abundance of the elements are 



( 22 ) 
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interesting, but not of very great importance for the theory of nuclear 
constitution, as the observed abundance depends also on astronomical 
and geological factors. 


§ 5. Nuclear Spin and Magnetic Moment. 

If we treat the nucleus as a whole, the most important characteristics, 
besides the mass- and charge-numbers, are its properties of symmetry 
and its angular momentum and magnetic properties. We know that 
the ‘position’ of an elementary particle (proton or electron) is charac¬ 
terized by four quantities: three space co-ordinates, x, y, z, and the 
spin co-ordinate o- (= ±1)- 

According to Pauli's exclusion principle, the wave-functions describ¬ 
ing the motion of a system of identical elementary particles must be 
anti-symmetrical in all four co-ordinates of the particles. 

For example, if we have a system of two electrons, as in the helium 
atom, the corresponding wave-functions may be divided into two 
classes. The wave-function may be symmetrical in the space co¬ 
ordinates and anti-symmetrical in the spin co-ordinates, so that the 
electrons have spins in opposite directions; or it may be anti-sym¬ 
metrical in the space co-ordinates and symmetrical in the spin 
co-ordinates, so that the electrons have spins in the same direction. 

If now we have a system of identical complex particles, each con¬ 
structed from a certain number of elementary particles (for example, 
atomic nuclei), wc cannot know a priori whether the wave-functions 
describing the system should be symmetrical or anti-symmetrical in 
the co-ordinates of the complex particles, that is, whether the Einstein- 
Bose or Fermi-Dirac statistics should be applied. 

It can be shown from the general principles of quantum mechanics 
that the wave-functions must be anti-symmetrical or symmetrical accord¬ 
ing as the number of elementary particles in each complex particle is 
odd or even. The angular momentum ‘i’ of such a complex particle must 
also be an odd or even multiple of the angular momentum, of an 
elementary particle (assuming that the quantum mechanics holds for the 
elementary particles). 

For example, consider a molecule constructed from two identical 
atoms. The wave-functions corresponding to the different quantum 
states of the molecule must be anti-symmetrical in the co-ordinates 
of the atomic electrons; if the nuclei have no spin the wave-function 
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must be either symmetrical or anti-symmetrical in the space co¬ 
ordinates of the nuclei, according to the type of the nucleus. From 
the analysis of the band-spectra of such molecules it is always possible 
to find out the kind of symmetry in the co-ordinates of the nuclei. 
If the nucleus has a spin i, solutions either symmetrical or anti- 
symmetrical in the space-coordinates of the nuclei may exist, just as 
for the helium atom considered above. The observed band-spectra 
may be divided into two classes, corresponding to parallel or anti¬ 
parallel nuclear spins. As each of these possibilities may be realized 
in several ways, we should expect the two types of bands to have 
intensities proportional to the statistical weights. Simple, considera¬ 
tions show that there are more solutions corresponding to the case of 
parallel spins than to that of anti-parallel spins. The intensity ratio of 


the two kinds of bands is 

W ff __ f-|~ l 
W f-j. i 


(5) 


where V is the value of the nuclear spin. As tho intensity of the bands 
can only be estimated very roughly experimentally, the formula (5) 
will help us to determine tho nuclear spin only when the spin is small, 
and consequently tho alternate lines of the band have sufficiently 
different intensities. If tho band-spectrum of such an element is 
analysed, we can determine whether tho solution corresponding to 
parallel spins is also symmetrical in the space co-ordinates of the 
nuclei or not, that is, whether the nuclei obey the Einstein-Base or 
the Fermi-Dirac statistics. 


Another more valuable method for determining the nuclear spin 
consists in the study of tho hyperfino structure of atomic ejwetra. 
As the spin of the nucleus can he orientated in different ways relative 
to the orbital motion of the electrons, each simple energy-level of the 
ordinary scheme will be split up into a number of sub-levels very 
close together. We shall see later that the magnetic moment of the 
nucleus is much less than that of the electron; consequently the 
separation of the energy-levels will be considerably less than that due 
to the electronic spin (fine-structure) and can only be observed by 
using very powerful spectroscopic apparatus. Let j be the total 
angular momentum of the electrons (constructed from the orbital 
momenta and the spin), and i the angular momentum of the nucleus. 
The resultant angular momentum/=j'-j-i may have different values 
corresponding to the relative orientations of the vectors j and i. 
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Applying the rules of addition of quantum vectors we see that / can 
take a set of values 

fo =j+hfi =j+»—1,-,/ai =j—i ( j>i ) (6) 

fo = i+jyfi = i+j~ -,/« = i~j (j < *)■ 

Thus, owing to the nuclear spin, each simple energy-level will he split 
into 2t+l or 2j+l sub-levels according as i or i The relative 
distances between the different sub-levels can be estimated, assuming 
that the additional energy due to the interaction of the nuclear and 
electronic spins is proportional to the scalar product (i.j). Simple 
calculations show that the relative energy differences between neigh¬ 
bouring hyperfine structure-levels are given by the interval rule 

fo : /i -fi • ••• ^ 

where f r is defined by the formulae (6).* 

The most direct method of determining the nuclear spin is the 
investigation of the splitting of spectral lines in a very strong mag¬ 
netic field, when the Paschen-Back effect takes place, f In such strong 
fields the nuclear spin ‘i’ will be orientated independently of ‘j’, and each 
component of the ordinary Zeeman triplet will be split into 2i-\-l com¬ 
ponents. This defines the nuclear spin directly without requiring any 
knowledge of the angular momenta of the atomic electrons. Owing to 
experimental difficulties the nuclear spin has been investigated for 
a few elements only. The results obtained from band-spectra on the 
one hand and from hyperfine structure on the other do not always 
agree. These inconsistencies may be duo to the uncertainty of the 
experimental data, or to the wrong interpretation of the observed 
facts; there is also the possibility that we meet here new factors not 
taken into account in the previous discussion (see p. 29). We must 
hope that experimental work in the near future will help to rid the 

* As an example of the application of these rules wo give the analysis of the 
hyperfine structure of Pr, for which the energy-level a K 7 corresponding to j =a 7 is 
shown to be split into six close sub-levels with relative energy differences 19*0: 10*7: 
14*4:12*7:10*4. As the number of sub-levels is less than 4*1( «=■ 15) we conclude 

that in this case i <j and the relation 2&-f 1 « gives directly i For these 
values of j and i the functions / become 

19 17 1513 H 

2 1 2 : 2 *' 2 : T 

in good agreement with the observed values. 

f In strong magnetic fields the complex splitting of the lines (anomalous i 
effect) degenerates into the simple splitting into three lines (normal Zeeman effect). 
This is known as the Paschen-Back effect. 
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theory of contradictions. Table III shows the results obtained from 
the analysis of the intensity-change in the band-spectra of the 
different elements investigated. 

Table 


Name 


Nuclear 


Nuclear spin H* 

of the 


constituent 

Kind of 


from hyporflno 

element. 


parts. 

symmetry. 

from bands. 

structure. 

H 


0a*4"lpH“0s 

antisymmetrical 

* 


He 


la+Op+Os 

symmetrical 

0 


Li 

/■la-|-2p-f le 
\loc+Zp+2e 


> 1 

0;i 

C 


3a 4- Op +0s 


0 


N 


3a *4* 2p "4* Is 

symmetrical (I) 

if 


0 


4a4-0jp+0s 


0 


F 


4a+3p+2e 


i 

J 

Na 


5a4-3p+2s 


~ 8 

Cl 

r 8a -j- 3jp ~J~ 2e 
I9a-j-lp-j-2e 


~ 8 


Mn 

Br 

j 

13a-4*3p-f-4s 

rlOa+Sp+O 0 

L20a+l^+0^ 



~f 

Rb 

r21a+lp-h0« 
\21a-4"3jP“f" 8c 



> 0 

Cd 


-27a4*2p4“ 8s 
27a+3p+9e 
28a+0p+8s 



0: i 


28a-4- ljp+9s 
28a 4-2p-}- 10s 
.29a*4” Op "4* 12s 






Sb 

c 30a-4- 1 P"\* 10s 
\ 30a *4“ 3 p 12s 



-1 

I 


31a+3p+ 12s 


> I 


Cs 


33a *4“ lp-f 12s 


> 0 

La 


34a *4" 3p "4" 14s 



I 

Pr 


35a-}" lp-4* 12s 



I 

T1 

c 50a -j- 3 p -J- 22s 

I* 51a “4* I’P *4* 22s 



»; i 



r51a+2p+22e 




Pb 

\ 

51a -}- 3 p Hh 23s 
^52a 4" Op “4* 22s 



0;* 

Bi 


52a -j-1 p -}- 22s 



. .t. 


1 For literature about estimation of nuclear spin from hyporfkie structure 
band-intensity change see Goudsmit and Pauling, Structure of Linwpvctriu Chap. XI 
(1930), and Kronig, Band Spectra and Molecular Structure, Chap. Ill (1930). For the 
most recent references see Schuler and Keyston, Zs.f. Fhy$>, Bd, 68, p. 174 (1931). 

From the results obtained we see that protons have the same spin 
(|) as electrons, and obey the Fermi-Dirao statistics. On the other 
hand a-particles (helium nuclei) have no spin, and obey the Einstein- 
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Bose statistics, as we should expect for a particle constructed from 
an even number of electrons and protons.* 

<v> A difficulty arises over nitrogen: since the nucleus contains an 
odd number of elementary particles (14 protons and 7 electrons) we 
should expect the wave-functions to be anti-symmetrical (see p. 23). 
Experiment, however, seems to show positively that the wave- 
functions of the nuclei in the nitrogen molecule are symmetrical. 
This is in striking disagreement with the theory. It seems to show 
that the miclear electrons do not count in the statistics of the system ; 
either, for some reason as yet unknown, the nuclear electrons must 
be described by symmetrical wave-functions, or we must give up the 
idea of assigning space co-ordinates to the electrons inside the nucleus. 
At present nitrogen is the only element for which this difficulty has 
arisen, but it seems probable that it is true in general that the 
statistics of the nucleus depend only on the total number of protons in it. 
We see that there is not enough experimental material for us to draw 
any definite conclusions about the spin of the nucleus. It seems, 
however, that nuclei with an even number of protons always have an 
even spin (e.g. He, G, N, 0), while those with an odd number of protons 
have an odd spin. This indicates that the nuclear electrons do not make 
any contribution to the total angular momentum of the nucleus. It is 
possible that these two facts—that the electrons do not affect either 
the statistics or the total spin of the nucleus—are connected by a 
theorem of quantum mechanics, as yet unproved, that the statistical 
properties of a complex particle are uniquely determined by its 
angular momentum. <o 

From the study of the angular momentum of the nucleus we may 
try to draw conclusions about the number of loose protons in the 
nucleus. As the a-particle itself has no spin we should expect all 
the nuclear a-particles to be in the lowest energy-level with zero 
angular momentum; the observed nuclear spin must be ascribed to 
the angular momenta and spins of the protons. In the Li-nucleus, 
for example, on the hypothesis that all possible protons are packed 
into a-particles, we must assume three loose protons. If we suppose 
two of them to be on the first nuclear-level with orbital angular 
momentum j = 0, their spins must be in opposite directions and the 

* The fact that a-particles are described by symmetrical wave-functions may be 
taken as an experimental proof that they are complex particles, since, according to 
the general principles of quantum mechanics, an elementary particle must always 
have a spin. 
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resulting momentum vanishes. The third proton must be on tho next 
level with j — 1, and we get the right value for the spin of the Li- 
nucleus if we suppose that the spin of this proton is orientated parallel 
to the orbital angular momentum. A similar interpretation of tho 
spins of other nuclei meets with difficulties which are especially 
serious for heavy elements. For example, the Bi-nucleus has a spin 
i — \, for which we have to account by means of one proton alone, 
since the Bi-nucleus is of the 4n+l type. This seems to indicate that 
all possible protons are not packed into a-particles and there are 5 or 
perhaps even 9 loose protons. On the other hand tho Tl-nuclous, 
which differs from that of Bi by one a-particle, has a spin i - - |. 
This should mean that if an a-particle is added to the Tl-nucleus, 
for example by capture with radiation, the a-particle will be split up 
into its constituent parts. 

The absolute value of tho separation of the sub-levels in the hyper- 
fine structure depends on tho value of tho magnetic moment of the 
nucleus, or more exactly on the projection of the magnetic moment 
on the direction of the nuclear spin. The additional energy of an 
extra-nuclear electron due to the magnetic moment of the nucleus 
can be found by the general theory of perturbations to l>o 

AF = g(i)lfif + l)-i(i + iy-^in {Q) (7) 

for an S-term (l — 0) and 

AE = l ^T/eMm(f+ l)-i(i+1 W(j+ l)jJ dv (T) 

for higher terms (l > 0). Here l, j are the orbital angular momentum 
and the total angular momentum of the electron, i is the nuclear 
spin, and / the resultant angular momentum of the nucleus and 
electron together;/takes different values for different sub-levels (see 
p. 25). The magnetic moment of the nucleus is taken to bo g(i) n p , 

where fi p — is the magnetic moment of the proton. We may 

call fi p a proton magneton; g(i), from analogy with atomic 
may be called LandAs factor for the nucleus. In order to calculate 
AE from the formulae (7, T) a knowledge of the wave-function X F for 
the term in question is necessary. For atoms with more than one 
electron these solutions cannot be written in an analytical form, and 
must be calculated by some numerical method suoh as Hartree’s. 
As the formulae (7, 7') are very sensitive to small variations of l F, 
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no great accuracy can be expected from these calculations. The 
evaluation of g(i) from the measured separation of the hyperfine 
structure-levels has been done up to now only for a very few nuclei. 
The results are given in Table IV. 


Table 

Values of g(i) for different nuclei 



i 


■I 


Elemont. 

Li (j 



21 


Na (s 

21 

2-9 

31 

4*1 

Rb (s 

M 

14 

1-6 

2*2 

Cs ( * 

| °’ 9 

1*2 

14 

1*9 


1 For the alkali metals for which the calculations have been made, the value of 
the nuclear spin i is not known (except Li). This is why in Table IV the values of 
g(i) are calculated for different values of i. 

2 Breit, Pkys . Bev n vol. xxxvi, p. 1262 (1930). 

3 Fermi, Zs. /. Phys., Bd. 60, p. 320 (1930). 

«o The fact that the separation of the hyperfine structure-levels is 
always much smaller than the separation of the ordinary fine 
structure-levels, due to the spin of the extra-nuclear electrons, shows 
that the electrons lose their magnetic moment in the nucleus or at least 
that it has no apparent effect. <x> 

Besides the magnetic moment there are other factors which may 
influence the separation of the hyperfine structure-levels. Among 
such factors is a possible electrical moment of the nucleus and also 
the quantum-mechanical resonance between the nucleus and the 
extra-nuclear electrons.* However, the fact that for most elements 
investigated the relative distances of the sub-levels obey the interval 
rule (6, 6'), so that the additional energy is proportional to the 
nuclear spin, seems to show that the factor of greatest importance 
in explaining hyperfine structure is the magnetic moment of the 
nucleus. There are too few data at present available for us to draw 
any more definite conclusions about the regularities of the magnetic 
moments of different nuclei. 

* See Fermi, Solvey Congress (1930); Schuler and Koyston, Naturwis Bd. 19 
p. 320 (1931). 



II 

SPONTANEOUS DISINTEGRATION OF NUCLEI 

§ 1. Decay-constant and the Energy of Disintegration. 

We have already seen that in radioactive disintegration two different 
kinds of particles, a and j3, are emitted. In the ex-disintegration the 
charge-number of the nucleus decreases by two and the mass-number 
by four; in the ^-disintegration the charge-number is increased by 
one and the mass-number remains unchanged. In both cases the 
resulting nucleus belongs to the same nuclear class (see p. 1) as tho 
original one, so that we may naturally divide the radioactive bodies 
into four independent families. Actually, only three of these families 
are known: the Thorium family (4n); the Uranium family (4n ( 2); 
and the Actinium family (4n-f3). Tho failure to detect a radioactive 
family of the type 4w+l is evidently due to tho very ram occurrence 
of elements of this type in general. Each radioactive family, starting 
from a certain heavy element, undergoes a succession of «- and /?- 
transformations leading to a certain stable final product on the 
boundary of the stable elements. Tho stable products of the three 
known families all have (accidentally?) tho same charge-number and 
are isotopes of lead. In tho figure tho schemes of the known radio¬ 
active families are shown: 
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We notice that a continuous series of a-transformations is some¬ 
times interrupted by two successive ^-transformations. The forking 
of radioactive families observed usually in (7-products, when two 
different kinds of disintegration are possible for the nucleus, is 
especially interesting. The percentage of nuclei undergoing one 
transformation or the other is defined by the relative probabilities 
of these two processes. 

One of the most important characteristics of a decaying nucleus is 
its decay constant (usually denoted by A), giving the probability of 
disintegration per unit time. If N 0 , N are the numbers of not yet dis¬ 
integrated nuclei at times t a and t, the number of disintegrations in 
the interval (t, t-\-dt) will be given by 


-dN = XNdt. 

Integrating, we have N = e-* (M W 0 , 


( 1 ) 

( 1 ') 


which gives the exponential decrease of the amount of the radioactive 
body in question. The decay constant A has a quite definite value 
for each radioactive body, and varies within very wide limits from 
10 -18 sec -1 , to > 10+ 5 sec -1 ., the average life, A -1 varying from 
thousands of millions of years to a small fraction of a second. 

When multiple decay occurs, the observed decay constant is con¬ 
structed from the constants of the individual disintegrations. If A a 
and Ag are the probabilities of the two kinds of disintegration, we 
have for the total number of disintegrated atoms 

-dN = X a Ndt+X B Ndt = (A a +A B )Ndt, (2) 


which shows that the resulting decay constant will be simply the 
sum of the two individual constants. The relative numbers of atoms 
disintegrated in the two ways is evidently given by 


N„ 


K+fy 


~ N and N B ■■ 


\e 




N. 


( 2 ') 


If we measure the total decay constant X aB and the relative per¬ 
centages of the two different kinds of particles, a. and /?, we can easily 
calculate the individual decay constants from the formulae: 


V $ 


1 + 


V 

N„ 


ft 


+ N b 


( 2 ") 


The decay constants of different radioactive bodies are given in the 
fourth columns of Tables II and IV, 
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Another important characteristic of radioactive decay is the energy 
of disintegration. The energy can bo emitted from the decaying 
nucleus either in the form of kinetic energy of a- or ^-particles or in 
the form of electro-magnetic radiation (y-rays). 

The energy of the a-particles can be directly estimated by measur¬ 
ing the deviation of a beam of a-particles in a known magnetic field 
(magnetic spectra). In this way it has been shown that the beam of 
a-particles emitted by a given radioactive body is extremely homo¬ 
geneous, all the particles having exactly the same velocity. Recently 
the existence of several weak but well-defined groups other than the 
main one has been proved for some elements; wo shall return to this 
question in the next chapter. As a standard of the energy of ot- 
particles those from RaC' are used, since their velocity was measured 
with special care by Briggs and found to be 1-923.10® cm./see. The 
direct estimation of the energy of a-particles by the method of mag¬ 
netic deflection has been done up to the present for only a few 
radioactive elements; the most reliable data are shown in Table I. 


Table I 


Kamo of the 
element. 

Velocity of 
a-particles 
FaX 10- S£ 

Energy of 
a-particles 
$ a 10® erg. 

Energy of disintegration. 

E X 10® erg. 

14*26 

12*43 

9*83 

9*76 

9*64 

8*52 

Ex 10 * volt 

8*97 

7*82 

6*18 

6*14 

6*07 

5*36 

ThC' (l 
RaC' <» 
rThCa 0 (1 
V.ThCa l 
RaA 

RaF <* 

2059 

1*923 

1*710 

1*704 

1*693 

1*592 

13*99 

12*20 

965 

9*58 

9*46 

8*36 


1 C. Roseriblum, C. B. r vol. exc, p. 1124 (1930) (boo algo § 2* Chap. 111). 

4 Gr. H. Briggs, Proc. Boy. Boc. p A, vol. cxiv, p. 371 (1927); vol. exviii, p. 507 (192$). 

4 Laurence, Proc . Boy. Boc. t A, vol. cxxii, p. 543 (1929). 

In most experimental work it is usual to express the energy of 
a-particles by their power to penetrate through matter. If a beam 
of a-particles passes through matter, the particles gradually lose their 
energy in collisions with the atomic electrons and will be stopped at 
a certain distance. The intensity of the beam does not decrease 
exponentially, as in absorption of electro-magnetio waves, but stays 
approximately constant up to a certain distance where it decreases 
abruptly. At the end of the beam there is a straggling, the length of 
each individual track having an error-distribution round a certain 
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value B 0 . This average distance of penetration is called the mean 
range of the a-particle in a given substance under given conditions. 
Ranges are usually given in centimetres for standard air, that is, air 
at 15° C. and 760 mm. pressure. In most older work the so-called 
extrapolated ranges are given, defined by the intersection of the 
tangent at the steepest place of the curve with the range axis. In 
modern work, using differential electric counters, the mean ranges 
are always directly found. To calculate the mean range from the 
extrapolated range we must know the breadth of the straggling curve. 
Using the experimental data on this subject* we find that the mean 



range in standard air can be calculated from the extrapolated range, 
using the formula JJ ra _o-044V(ii„)cm. ( 3 ) 


The relation between the range and the energy of a-particles was 
initially studied by Geiger, who found the empirical relation that the 
range varies very nearly as the energy to the power of 3 / 2 . Taking 
the mean range and the energy of the a-particles from RaC' to be 
6-864 cm. and 12 - 20 . 10 -6 erg., we may write Geiger’s relation in the 

form E = [- 3.382 _ io-«j? 0 2/ 3 +S(.B 0 )] erg., (4) 

where 8 (R 0 ) is a small correction vanishing for B 0 — 6-8 cm. In Fig. 9 
the deviations 8 (JR 0 ) are shown for elements for which the energy of 
the a-particles has been found directly by magnetic deviation. In 
calculating the energy from the range we must use the formula (4), 
taking the small correction directly from Fig. 9. Practically all 
elements have a range in between the experimental points in Fig. 
9, and the small correction can be obtained fairly accurately by 


* G. H. Briggs, Proa. Boy. 800 ., A, vol. cxiv, p. 313 (1927). 

P 


3695.2 
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interpolation. For the calculation of the energy for the no-called 
long-range particles emitted by certain radioactive elements we must 
extrapolate the curve for greater ranges. The extrapolated part in 
Fig. 9 is calculated from the formula taken from Bohr’s theory of 
the stopping-power of matter for a-particles: 

p - AJS * 

^ 0_ log(M)’ 

The values of the coefficients A = 2-211. 10 10 , It =- 8(55 are chosen to 
fit the curve with the experimental points for RaC' and ThO'. As 


S(R a )x/0~ 6 erg 



the result of extrapolation the energies given by the curve for long 
ranges cannot be very reliable. 

The most complete list of extrapolated ranges of a-particles of 
different elements was given by Geiger; in this book we shall take 
these as standard values (see Table II). The corresponding values 
of the mean ranges, calculated according to (4), and the corrcsj>onding 
energies are given in the next two columns of the same table. To 
know the total energy of ^-disintegration we must also take into 
account the kinetic energy of the recoil atom; the total energies are 
given in the last column of Table II. 

If we compare the energies of different a-disintegrations with 
the corresponding decay constants we perceive a very interesting 
regularity; the decay constant increases very rapidly with increas¬ 
ing energy of disintegration. Plotting log A against the energy of 
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disintegration E we get almost straight lines, different for the different 
radioactive families but parallel to each other (Fig. 10). This regularity 
is known as the Geiger-Nuttall rule. As we can see from the figure, 
there are certain deviations from this rule; for example, the point foi 
AcX does not lie on the smooth curve. It has also been shown that 
the points on the Geiger-Nuttall graph do not actually lie on a 



straight line but are much better represented by a curve slightly 
concave to the E axis. 

§ 2. General Features of a-disintegration. 

To understand the extremely long periods of life of radioactive bodies, 
and their connexion with the energy of disintegration, we must in¬ 
vestigate more closely the process of ejection of radioactive particles. 
Very important information concerning the process of a-decay was 
given by Rutherford’s experiments on the scattering of fast «- 
particles in radioactive substances. It is known that experiments of 
this kind with light nuclei make it possible to detect the deviations 
from the Coulomb law of force at small distances, and so give in- 
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formation about the forces acting in the nucleus. On the other hand, 
when Rutherford bombarded atoms of Uranium with very rapid 
a-particles from Thorium O', he could not observe any deviations 
from the Coulomb law, although the a-particles approached the 
nucleus up to distances of 3.10- 12 cm. This shows that the attractive 
forces come into play only at much smaller distances, a region which 
cannot be reached by bombarding heavy nuclei with the fastest 
a-particles we have in our laboratories. This negative, and at first 
sight not very important, result gives rise to a difficulty, the solution 
of which will lead us to a complete theory of a-disintegration. 


U(r) 



The diagrammatical representation of the potential distribution 
near the Uranium nucleus is given in Fig. 11. With decreasing distance 
from the nucleus the potential energy increases at first up to a dis¬ 
tance certainly smaller than 3.10 -13 cm. and reaches a value certainly 
greater than 


o'T'-.a 


l7 7’) 2 10“ 20 

= 13.10-« 


a-12 


erg. 


For smaller distances the attractive forces come into play and the 
potential energy-curve drops down towards the centre of the nucleus. 
In this region a-particles may stay under the action of attractive 
forces. The difficulty mentioned above is that the Uranium nucleus 
sends out rather slow a-particles with energy 6-6.10~ 8 ergs—only 
about half that of the Thorium 0' a-particles. Now how can such 
an a-particle get out from the nucleus if it has to cross on its way a 
potential barrier which is certainly higher than the total energy of 
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the a-particle itself % It seems that the a-particle must stay for ever 
inside the nucleus, since it has not enough energy to jump over 
the barrier. This paradox, which seems very difficult on the 
classical theory, disappears, from the point of view of the wave 
mechanics. 

The apparently paradoxical fact of a particle passing through such 
a barrier can be explained on account of the wave character of the 
new quantum mechanics, and has a complete analogy in the wave 
theory of light. It is well known that if a beam of light falls on the 
boundary between two media with its angle of incidence greater than 
the critical angle, then, according to geometrical optics, all the. light 
is reflected and no disturbance enters the second medium. From the 
point of view of wave optics the process of total reflection of light is 
much more complicated; some vibrations penetrate into the second 
medium, their amplitude decreasing very rapidly (exponentially) 
with the distance from the boundary. Already, at a distance of several 
wave-lengths from the boundary, the disturbance is very small. 
Exactly the same effect must be expected for the de Broglie waves 
describing the flow of material particles falling on a potential harrier. 
A small fraction of the de Broglie waves will penetrate any finite 
potential barrier, which means that it is possible to observe the 
particles on the other side of it. In this way we can explain the pos¬ 
sibility of a-particles escaping from radioactive nuclei and the 
existence of very long periods of decay. 


§ 3. Penetration of Particles Through Potential Barriers. 

We shall now develop formulae for the coefficient of transparency of 
potential barriers. Suppose a particle of energy E falls (from the 
right) on the potential barrier represented by an arbitrary potential 
function V(r). We suppose that the function U(r) is in a certain 
region (x v x 2 ) greater than the total energy of the particle and 
approaches the constant values U. M and U +v> on either side of this 
region. We write the Schrodinger wave-equation in the form 


8 2 ^(x, t) 2 mi d*p(x, <) 

dx 2 ft 8t 




(5) 


where m is the mass of the particle and ft quantum constant. As the 
potential energy U(x) is independent of the time, the solution can 
be written in the form = (6) 
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and ’F(ic) must satisfy the equation 

£+£[*-a«ir~o. m 

Substituting x V{x) = (8) 

this equation reduces to 



+|r[*- lr M]“ «• 


( 9 ) 



Fig. 12 


This equation (9) can be solved by the method of successive approxi¬ 
mations if the first term is small compared with the second one, 
that is, if 


dx 2 

d 

/—\ 

/ds\ a 

dx | 

ds I 

\dx) 


\dxj 


a condition which, as we shall see, is usually satisfied for the potential 
barriers which we meet in the theory of radioactive disintegration. 
For the first approximation we neglect the first term and write 

/ 1 \ >2 7/1 r r y, , T~ri \ 


'[U{x)-E]. 


Integrating, we have 


V(2 to) 


X 

J ^U(x)-E 7] 


dx -j-C. 


For the second approximation we substitute in the first term of (9) 
from the expression (12) for « v We have 


:[J7(*)—jB]=F ' 


V(2 m) d 


*J[U{z)~E] 


(13) 
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(l 

ds% 
dx 

Integrating, we have 


or 




(14) 




; J V[U(x)- JB] <to -1 log V[U(x) - 7?] 4- C. (15) 

X Q 

Proceeding in the same way we see that the third approximation is 
already of no great importance. Thus we have, finally, 

c ±^’ J <mx)-K)4* 

Y(a;) = ^ = V[U(xj-E] * *“ ' (U>) 

The solution (15) is valid only for regions for which the condition 
(10) is satisfied. Using the first approximation for s wo write this 
condition in the form, 

d_l l 


*]) 


< l. 


\^2m)dx\^[U{x)-E\]\' " (1?) 

Retur nin g to the potential distribution, wo see that the condition 
(17) is not satisfied near the points x=-x x and x ~ - x t where its 
left-hand side becomes infinite. To take the integration over these 
points we actually need to know the analytical form of U(r), but 
if these regions (x x —Ax x , Xj+AxJ and (x a -~Ax a , x a -f Ax a ), where 
{^[U(x)—E]}~ 1 varies too rapidly, are small wo can make the solu¬ 
tions on both sides satisfy the boundary conditions of continuity. 
On the left-hand side of the barrier wo must choose the negative sign 
in the exponent of (16) in order to get, substituting (16) in (6), only 
a wave travelling from right to left, and representing the particles 
which have crossed the barrier. At a great distance from the barrier, 
on the left-hand side, the potential XJ(x) is constant, and we have 
the complex expression* 

vrjv r \ _ £ 

l£!-m=uZ) 


(18) 


representing a wave travelling from right to left. 

In the region x x < x < x 2 , the difference, U (x) — E, becomes positive, 
and both solutions, apart from the arbitrary constants, are real, one 
of them increasing and the other decreasing rapidly with the distance, 

* We choose for the initial point of integration a? # a value for » at a groat distance 
from the left-hand side of the barrier x 0 



H, §3 PENETRATION OF PARTICLES THROUGH POTENTIAL BARRIERS 41 
In order to join tho solutions at the point x — x v we must take inside 
the barrier the general form with complex coefficients, 


(j 




+ ' ,< v’ ? J ''[UW-EJri® | *HU(x)~I£]dx 

e *1 -\~h_a Xi 


(19) 


It is easy to see that the boundary conditions at x — x v (continuity 
of ^ and givo 


tV(2m) 


T’ -to&i f w-umwx 

b.,= l(l~i)e i ;b_^\{l+i)e h 4 .( 20 ) 


*0 

At the other end of tho barrier, x ~ x 2 , the second term in (19) 
will be very small and tho solution reduces to 

x V _ W-*) f 

1 x ~ Xl ~\l[E~U(x)] a x ° e Xi • ( 21 ) 

To join this function with the complex solution for x > x a we must 
again take a linear combination of both solutions: 


V P(*) 

x a <x 


c r 

V~-l/(x)][ +e 


.J.*™. J yl[K~U(x))dx J V[I 


and tho boundary conditions givo 


V(2m) 

i/i -\r "T“ J V[t/<x)-&'](te 

«+= |(1—*)&+e 4 


^ J -iwm-mdx 


( 22 ) 


(23) 


a_ s=s |(l-j~i)6 + e *i 

If x' 0 is some value of a: at a great distance on the right-hand side 
of the barrier, the expression (22) becomes 

Y*= A + e* i ^™~ u+ "* t ~ a& +A ^ 

where the amplitudes are given by 

J(2m) r l r 2 r” 

, —iC • x™ [- < J V<£7-C/)£&c+ / U—B)dx+i f «E-U)dx) 

A+sss ™-^_e * «<, % 

2V[I0-</(*)] (2 5) 
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O yiM) r _ f J 4(E-V)dx+ / V((7-iS) dte+i J V(&’-(7)Ac] 

T===e * 0 


2VtA 1 ^£r(£]] 
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These two waves represent the incident and reflected beams of 
particles. The amplitude of the reflected wave must be actually 
slightly smaller than that of the incident wavo as a part of it has 
crossed the barrier; in our approximate calculations wo get equal 
amplitudes, because we have neglected terms of a small order of 
magnitude. 

The coefficient of transparency of the barrier is given by the square 
of the ratio of the transmitted and incident waves: 


0 = 


T(- oo)| 2 
T(-b co) 


V/(SEfc)' 


2V(2w> ? 3 , 

fi J 

a-i 


K] dje 


(26) 


This is the formula wc shall use in future for calculations of the 
transparency of the barriers surrounding radioactive nuclei. Before 
using this formula we must first mako sure that condition (10) is 
fulfilled. 


§ 4. General Theory of a-disintegration. 

Returning to the general problem of radioactive disintegration, we 
shall suppose that the potential field surrounding the nucleus is 
spherically symmetrical and is defined by a certain function U(r). 
This function, which has a certain finite value at the centre of the 
nucleus, must reach rather largo values at some distance, giving rise 
to a; barrier, and must vanish at infinity (Fig. 13). 

The wave-equation for the a-particle, written in spherical polar 
coordinates ( r, 9, <j>) is 


1 - (r 2 —\ I 1 - (ainO^-\ I 1 . S V . 

r 2 dr\ dr / ' r 2 sin 6 d9\ 86) r 2 mi 2 0d<j> 2 H ~dt 

or, if E is the energy, 


2m 

A* 


U (r)ifi — 0 


(27) 


r*dr\ dry r* sin 9dd\ 89) 


. 1 W S» f 

r r 2 sin 2 f?a^ a_1 " A * 1 


■U (*)]'¥ 


0 


. (28) 
where ijj ^Y{r,9,<f>)e~Z m - (29) 

As the potential energy is independent of the angular coordinates 
9 and <f>, we can, as is well known, write the solution of (28) in the 


= (30) 


where 8 } (d, <f>) is a spherical harmonic of orders', where j is an integer 
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and xeA t ) mus ^ satisfy the equation, 

j corresponds to the azimuthal quantum-number, and the last term 
in the bracket represents the additional potential due to the centri¬ 
fugal force. 

Not every solution of our equation, however, will represent the 
process of spontaneous ejection of an a-particle from the space inside 
the potential barrier. We must satisfy some boundary conditions 
which arise from the physical interpretation of our solutions. First 
of all the function Y must be finite at the origin, which, from (30), 
is only possible if x( r ) vanishes for r — 0. The second condition is 
that outside the nucleus, for very large values of r, the solution must 



XE.iir) . 2 m 
3r 2 ~ r W 


represent particles flying out of the nucleus; this means that here 
we must have a divergent wave. 

If for any arbitrary value of E we proceed to construct solutions 
of (31), beginning with the value ^(0) = 0, we get, for large values 
of r, the expression 


+ M2«L) V (E)r . r - 
Xej — E,j e n + Aflj e 

r~-Ko 


H(2m) 


VU£)r 


(32) 


where the coefficients and A BJ are expressed in terms of E and 
j. If we substitute (32) in (29) the first and second terms will give 
respectively a divergent and convergent wave. The condition that 
there shall be only a divergent wave is now 


-dj5y 7 ^ 0 ; = (33) 

For each value of the azimuthal quantum-number j the equations 
(33) will define a discrete set of .©-values which we shall distinguish 
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by different indices n. Thus we get a set of discrete energies E nJ for 
the escaping particle, depending on two whole numbers, n and j 
(radial and azimuthal quantum numbers), just as in the ordinary 
problem of electrons in an atom. The great difference lies in the fact 
that here the eigenvalues are positive, or rather, as we shall now see, 
complex with a positive real part. 

At first sight the conditions (33) seem to show that such solutions 
do not exist; if j vanishes for certain values of E, the conjugate 
complex quantity, Jl bj , must vanish also. This is true if E is a real 
quantity as is usual in the wave mechanics. We can, however, satisfy 
the conditions (33) if we allow complex values of E'\ and write the 

K,=K,+'~K,-t 

The complex equations (33) will now give a set of values for both 
the real quantities E° and A. In this way we come to the conclusion 
that the problem of radioactive decay can be solved only by using 
complex eigenvalues. We shall now discuss the physical interpretation 
of the solutions and the meaning of the imaginary part of the energy. 

Outside the potential barrier surrounding the nucleus the solution 
is a divergent wave representing the flow of a-particles escaping from 
the nucleus. We have seen in the previous paragraph that if the 
potential barrier is high enough, as it always is in the radioactive 
nuclei, the solution on the other side of it, that is, inside the nucleus, 
will be very nearly a stationary wave with amplitude much greater 
than that of the escaping wave. Neglecting the small (‘scaping part, 
we have inside the nucleus a representation of a particle oscillating 
between the walls surrounding it. The real part of each eigenvalue 
will be practically equal to an energy-level of a particle surrounded 
by infinitely high walls. The small leak gives rise to the additional 
imaginary term in the expression for the energy, but this does not 
affect the real part very much. 

It is well known that in order to interpret the solutions of the 
SchrOdinger equation we must construct the quantities, 

u = #; I = ~.{ipgr&d4i~4igvsidip), (35) 

t Conjugate complex functions of the same complex argument do not vanish 
simultaneously. 

t The reason for introducing the coefficient h[2 in the imaginary part of the energy 
will appear later. 
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representing respectively the density and the flow of the probability 
for a particle to be observed at a certain point. For the ordinary 
solutions with real eigenvalues both these quantities are harmonic in 
the time, or constant, representing certain stable quantized states 
of the system. 

For complex eigenvalues both quantities will have an aperiodic 
time-factor: ... , r . ., .. , 

A«i + f M A Krf ; M = 


(36) 


Thus the density at each point decreases exponentially with the time, 
the solution representing the gradual decrease of the probability, 
previously concentrated near the centre. The decay constant (loga¬ 
rithmic decrement) is given by \ n j . The complex value of the energy 
will not only introduce a damping time-factor, but it will also give 
rise to an aperiodic factor in the space coordinate. For we have 


XwJ r ) 


■An,j ® 


+ M2“V( E o + |'A)r 


l n,j 


tV(2?n) 

e 


VtZC 0 )?* 4. r 

e • 


(37) 


This means that the amplitude of the divergent wave gradually 
increases with the distance and tends to an infinite value at infinity. 
We always meet this effect when dealing with solutions representing 
a damping process; for example, in the classical solution for an 
electro-magnetic wave radiated by a damped oscillator. The fact 
that at any definite moment we have an abnormally dense flow at 
a great distance means that these waves were radiated long before 
when the amplitude of the oscillator was greater. For radioactive 
decay the number of particles at a great distance r from the centre 
must correspond to the efficiency of the source at time t = r/v earlier, 

Ar ArV(m ) 

when it was e v = e V(2 ® times greater, which exactly corresponds to 
the aperiodic factor in (37). In practice this increase is of no im¬ 
portance. Even for the element with the shortest life, RaC', for 
which 1/A = 10 -5 sec., the intensity of the flow will be only doubled 
at a distance of about OT km., since 


v 

A 


10® cm./sec. 
10 5 sec -1 . 


10 4 cm. = 0-1 km. 


We have seen that the divergent spherical wave will not be exactly 
periodic because of the damping factor. In optics such a damping 
would cause a broadening of the spectral line in the spectrograph. 
For moving particles we have to use a mass-spectrograph, and the 
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broadening of the lines will be explained as uncertainty in the energy 
of the particles. Using the Fourier expansion of the damped wave, 
we easily get for the uncertainty in the energy (half-breadth of the 
line) the value AE~li\. 

Remembering that the mean time T for the a-partide to stay inside 
the nucleus is given by the reciprocal of the decay constant, wo have 

A E.T~U. (38') 


This is just Heisenberg’s uncertainty relation for the time and energy. 
We can hardly expect to observe this deviation from the constant 
energy of a-disintegration with the known radioactive elements; the 
shortest period of life at present known is T = 10 6 see., which gives 
for AE a value of about 10~ 22 ergs, i.e. only 10 14 per cent, of the 
total energy. 

The total flow through any closed surface surrounding the nucleus 
will be equal to the decrease of the total amount insido the surface. 
Taking a sphere of large radius 11 with its centre in the nucleus, we 
can write 





from which 



J XX dr 
0 


(40) 


This formula is independent of t and will be found very useful in 
calculating the decay constants of radioactive nuclei. It means 
simply that the damping coefficient is equal to the ratio of the flow 
to the total amount inside and is quite analogous to the classical 
formula used for the calculation of the damping of any radiating 
oscillator. For calculations of the decay constant by means of the 
formula (40) it is of no practical importance what value of R we 
take, provided that it is largo enough compared with r t . In fact, wc 
have seen that the flow is fairly constant, only doubling its value in 
a distance 0-1 km. The integral in the denominator of (40) should 
actually be taken up to the radius R. Due to the rapid decrease of 
X inside the barrier the part of the integral outside the nucleus is 
very small, and in practice we need integrate only inside the potential 
barrier. 
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§ 5. Application to the Real Nuclei 

We shall now apply our formulae to the calculation of the decay 
constants for the real radioactive nuclei. The distribution of potential 
energy of a nuclear a-particle in the field of the rest of the nucleus 
is shown in Fig. 14. At distances large compared with the dimensions 
of the nucleus we have the Coulomb inverse square law of force, and 

the potential energy of the a-particles is given by , where 

Z is the charge-number of the disintegrating nucleus. At a certain small 
distance from the centre the attractive forces come into play and the 


U(r) 



potential drops down rather rapidly, attaining a practically constant 
value inside the nucleus. Since the exact law of the attractive forces 
is at present unknown, we must make some assumption about the 
shape of the potential curve at small distances and introduce a simpli¬ 
fied model of the nucleus. A simple and natural approximation to 
the real distribution of potential inside the nucleus is obtained by 
substituting for the curve a rectangular trough as shown in Fig. 14. 
We assume that 




( r o<r), 


U(r) jumps from 


2(Z—2)e 2 
" r o 


to U 0 at r = r 0 


U ( r) =U 0 = const (r < r 0 ). 


(41) 
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Thus our model of the nucleus is defined by two quantities, the 
critical radius r 0 and the value of the internal potential U 0 . Both r 0 
and U 0 clearly correspond to the nucleus of the product element. 
We notice here that such an approximation to the real form of the 
potential barrier will scarcely affect the value of its coefficient of 
transparency, as the chief part of the integral in formula (26) is 
taken over the region of the barrier where the deviations from the 
Coulomb law are very small. On the other hand, our model will give 
only very rough results for the calculation of the enorgy-levels of the 
a-particles inside the nucleus, since these values depend essentially 
on the actual shape of the potential curve. 

The solution for r < r 0 is 

Xgj = M>i( V( f n) (42) 


where J M is a Bessel function of order j+L 
of these functions, we have 


E, 


n,j : 


K z fi z 

2 mrl 


+ U 0 . 


If K n,)n aro 


In the case of radial oscillations 


and we have simply 


h 


roots 

(42') 

(43) 

(43') 


As we have already said, these formulae can only bo applied very 
roughly for the real nuclei. 

In calculating the decay constant for our model we shall at first 
examine the case of radial motion. Normalizing to unity the ampli¬ 
tude of the wave escaping from the nucleus, we have 


+#«*»> v</i>r +£a t,.r 
Xe,o — e fl ” 6 * ’ 


(44) 


where v e is the velocity of the escaping particle. According to formula 
(26) the square of the amplitude of the vibrations inside the barrier 
is given by **-*>«• 

— n — 


\AV 


. v. - 
Vi 


2V<2 m) 






(45) 


where v t is the velocity of the a-particle oscillating inside the nucleus. 




II, §5 APPLICATION TO THE REAL NUCLEI 49 

The numerator and denominator in the general expression (40) for 
the decay constant now become 


2im 



^Xe.o 

dr 


~Xe ,o 


^Xe,o \ 
dr ) 


% 


(46) 


>•0 '•o 

J Xe,oXe,o dr= 1-41 2 J sin^l i^Edr 


\A\^ 


and we have finally, 


'e, 0 • 


2(ig—2)e a 
E 

2V(2 m) f ,J/2(£-2)e a 

1 /' 1 


V( a 


.e) dr 


(46') 


(47) 


where the factor before the exponential can be described classically 
as the number of collisions per unit time of an a-particle oscillating 
inside the nucleus with the barrier. The integral in the exponent of 
(47) can be simply evaluated by means of the substitutionf 



cos u 2( -_ 2)g2 r * . 

(48) 


E 


We have 

4eMZ—2). ft . _ , 


> __ V i --^—-^-alnzuo) 

Ae ’°~ 27 0 e 

(49) 

where 

9 r 0 r oE 

COS = -4 = u . 

0 r* 2(Z —2)e 2 

(48') 


In radioactive nuclei the value of rjr* is small. Developing the ex¬ 
ponent of (49) in powers of r 0 /r* and taking the first two members, 
we get a simple formula which is very convenient for the calculation 
of decay constants, 


2mr% 


ins' IZ-2) , 8eV(w) , 

ft Vg ft 


If the azimuthal quantum number differs from zero we have the 
additional potential energy due to the centrifugal force, and the 
expression for the decay constant must be written in the form 


Kj — 


1tH 


4mrfi 


**0 


(51) 


+ 2 (Z _2)e a 

1 A —is the so-called classical radius of the nucleus, i.e. the closest 

distance of approach of an a-particle in classical mechanics. 

3595.2 h 
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In radioactive nuclei (Z = 82,... 92; r 0 ~> 10- 12 cm.) and the potential 
of the centrifugal forces will in general be very small compared with 
the Coulomb potential, the ratio a being given by: 

J _ W j(j+l) . 2(Z-2)e\ 

2m r% ' r 0 

and for the calculation of the integral in (51) we may develop the 
square root in powers of the small quantity a. Thus we get the final 


-0-002j(j+l), 


(52) 


s irh ^_ 2 i + 8 £^)v(( 2 :- 2 )r 0 ].(l-a) 

A V i — ~ - 5 -e ft VC ft 

B ’ 3 2mr% 

which shows that the azimuthal quantum number will only slightly 
affect the second member in the exponent. The value of this 
member for radioactive bodies is about 85; so that a calculation 
shows that for j ' = 1 the decay constant will be changed only by 
30 per cent. 


§ 6. Comparison with Experiment 

The formula (50), which we shall write now in the formf 


logioA = log 10 


7r% 4n-e 2 Z —2 8 eV(m) 


V(Z- 2 )V(r 0 ), (54) 


' 2mr\ liM v HM 
or, putting in the numerical values for the constants, 

log 10 A = 20-4652— M91x 10 9 ^^ + 4-084x 10 fl V(£—- 2 )V(r 0 ), (54') 


corresponds to the empirical relation found between the decay con¬ 
stants and the velocities of a-particles for different radioactive bodies, 
by Geiger and Nuttall (see p. 36). We see from (54) that log A depends 
actually not only on the velocity v of the ejected a-particle but also 
on the charge-number Z and the radius r 0 of the disintegrating 
nucleus, and therefore cannot be represented on a two-dimensional 
graph. The curious fact that Geiger and Nuttall could get a smooth 
curve by plotting simply log A against v is due to the fact that the 
variation of Z, v, and r 0 in a radioactive series is practically monotone 
as we go down the series. We should expect certain anomalies in the 
Geiger-Nuttall graph at the points where this regularity breaks down. 
Fig. 10 shows that such deviations actually exist; for example, for 
AcX the point does not lie on the continuous curve, which is due to 
the fact that the velocity of the ejected a-particle is smaller than 

t We have written M for 2-303..., the factor for converting natural logaril 
base 10. 


to 
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for the previous element RaAc, whereas, generally, the velocity in¬ 
creases as we go down the series. As we see from (54), log A depends 
only slightly on the variation of the radius r 0 which comes in the last 
term; thus we can roughly calculate the values of the decay constant 
for different radioactive elements with known values of Z and v, using 
a certain constant value for r 0 . The calculations show that taking 
r 0 ~8.10 -13 cm. we can get rather good agreement with the experi¬ 
mental values of A. The systematic deviations indicate that the 
radius r 0 is not constant but increases slightly for heavier elements. 
Using the experimental data for Z, v, and A we can calculate the 
values of the nuclear radii for elements of the three known radio¬ 
active families. These are given in the Tables III a, b, c, and in Tig. 15. 

Table IIU 1 


Disintegrating 

nucleus. 

(Z-2) 

Effective velocity 

Fa(l+l)xl0-»^. 

Decay 

constant 

A sec 1 . 

Effective nuclear 
radius of the 
product nucleus 
r Q x 10 13 cra. 

Product 

nucleus. 

Th 

88 

I-41 

1-3.IO' 18 

8*9 

MThi 

RaTh 

88 

I-63 

1-16.10- 8 

8*7 

ThX 

ThX 

86 

1-68 

2-20.10- 8 

8-5 

ThEm 

ThEm 

84 

1-76 

1*27. IO' 2 

8*3 

ThA 

ThA 

82 

1-83 

4*95 

8-1 

ThB 

f ThCa 0 
\ThC ai 

si 

1*75 

1-5.10' 5 

6*6 

ThC" (norm.) 

Cl 

1-74 

5-1.10- 5 

7*0 

ThC" (excited) 

ThC / 

82 

2*10 

[3-10+ 8 ] 

[8-7] 

ThD 

Ui 

90 

1-44 

4*8.10- 18 

9*5 

UXi 

Un 

90 

1-53 

[2-10- 18 ] 

[9-3] 

Io 

Io 

88 

1-51 

2*9.10' 13 

9*1 

Ra 

Ra 

86 

1*54 

1*39.10“ u 

8*6 

RaEm 

RaEni 

84 

1*65 

2*097.10- 6 

8*5 

RaA 

RaA 

82 

1*72 

3*78.10- 3 

8*3 

RaB 

C RaCa 0 


1*65 

1*34.10' 7 

6*3 

RaC" (norm.) 

L RaCa x 

Ol 

1*62 

0*44.10- 7 

7*5 

RaC" (excited) 

RaC' 

82 

1*96 

4-2.10+ 6 

8*9 

RaD 

RaF 

82 

1*62 

5.88.10' 8 

7*7 

RaG 

Pa 

89 

1-58 

1*9.10* ia 

8*2 

Ac 

RaAc 

88 

1*72 

4*24.10- 7 

7*9 

AcX 

AcX 

86 

1*68 

7*14.10’ 1 

8*2 

AcEm 

AcEm 

84 

1*84 

1-77.10" 1 

7*7 

AcA 

AcA 

82 

1*92 

4*74.10+ 2 

7*9 

AcB 

rAcCa 0 

Ol 

1*81 

4*79.10" 8 

6*9 

AcC" (norm.) 

LAcCo^ 

81 

1-76 

0*96.10- 3 

7*3 

AcC" (excited) 

AcC' 

82 

1-91 

[1-10+ 8 ] 

[8*3] 

AcD 


1 See references for the Table II (p. 35). 


We see that the radii vary fairly regularly for each family 
and increase steadily with the mass of the nucleus. The nuclei of 
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corresponding members of the Thorium and Uranium families have 
nearly the same radii, while for the Actinium family the radii are con¬ 
siderably sm all er, probably owing to the presence of an odd number of 
protons. We also notice the anomalously low values of the nuclear 
radii for the C-products of all three families, where ‘forking’ (a- and 
/^-disintegration) takes place; and the anomalously large radius of 
the short-lived RaC' nucleus. The knowledge of the radii is important 



for further investigations of the properties of radioactive nuclei; from 
the Table III we see that the excited nuclei (before y-radiation) have 
radii somewhat larger than nuclei in the normal state. 

§ 7. General Features of yS-disintegration 

The other type of spontaneous nuclear disintegration is the ejection 
of nuclear electrons (^-disintegration). This type of radioactive dis¬ 
integration has been observed not only in heavy elements but also in 
certain light elements (K and Rb) which have been shown to emit 
yS-particles of great energy, although the intensity is very small (about 
500 times weaker than for UX). 

The explanation of the process of yS-decay presents very serious 
difficulties for the modern quantum theory. The chief puzzle of 
yS-disintegration is the fact that the magnetic spectrum of the emitted 
j8-particles is always continuous, which shows that the energy of the 
electrons emitted from the same substance varies within very wide 
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limits. It has been shown that the number of electrons in the con¬ 
tinuous spectrum is equal to the total number of disintegrated atoms, 
so that we actually have nuclear electrons and not secondary electrons 
which might be ejected from the K-L-M-shells of the atom. The 
energy-distribution' in the /8-spectra of different radioactive elements 
is shown in Fig. 16. The distribution has very much the same shape 



Flu. 16. Energy-spectra of/3-rays. 

for different elements with an ill-defined maximum and a rather 
sharp upper limit ;f of two neighbouring transformations (ThB and 
ThC; UX x and UX xx ; RaB and RaC) the second always has 
^-particles of greater energy. 

Very careful experiments were carried out by Ellis j; in order to 
prove that the continuous /S-ray spectrum is not due to some secon¬ 
dary scattering of /8-particles all originally having the same energy. 
Ellis measured calorimetrically the total energy produced by a known 
amount of the ^-disintegrating element RaE. As this element shows 
only extremely weak y-emission, the total measured energy divided 
by the number of disintegrated atoms must give the average energy 
of disintegration per nucleus. If the continuous /8-spectrum is due to 

t New investigations of Terroux (Proc. Roy. Soc., A, vol. cxxxi, p. 90 (1931)) seem 
to show, however, that this upper limit does not exist, the continuous spectra extend¬ 
ing to very high energies with exponentially decreasing intensity. 

t C. D. Ellis and W. A. Wooster, Proc. Roy. Soc., A, vol. cxvii, p. 109 (1927). These 
experiments have been recently repeated with great care by L. Meitner and 
W. Orthman ( Zs.f. Phya., Bd. 60, p. 143 (1930)) with the same result. 
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Table IV 
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Name 
of the 
element. 

Mass- 

number 

M. 

Charge- 

number 

Z. 

Decay 
const.* 1 
h, sec -1 . 

Average energy 
of disint. 

Upper limit of 
contin. spectra. 

Notes. 

EX 10“ 
erg. 

Jxl0'“ 

volt. 

-ZWX10+ 6 

erg. 

volt. 

MThjc 

228 

88 

3-26.10*° 






MThn 

298 

89 

3-14.10* s 






ThB 

212 

82 

1-82.10* 5 

0-1(3 

0-1 

0-5 

0-3 

(a 

ThC (65%) 

212 

83 

1-23.10" 4 

d-i) 

(0-7) 

(3-4) 

(2-1) 

(a 

ThC" 

208 

81 

3-61.10' 3 

(1-D 

(0-7) 

(3-4) 

(2-1) 

(a 

VX x 

234 

90 

3-37.10- 7 

0-18 

(0-11) 



(3 

vx n 

234 

1 91 

9-9.10- 8 

0-62 

(0-39) 



(3 

RaB 

214 

82 

4-31. X0-* 

0-37 

023 

104 

0-65 

(4 

RaC (99-96%) 

214 

83 

5-92.10-* 

1-32 

0-76 

504 

315 

<* 

RaC" 

210 

81 

8-7.10' 3 






RaD 

210 

82 

1-34.I0-* 






RaE 

210 

83 

1-66.10'“ 

0-62 

0-39 

1-68 

1-05 

(B 

Ac 

227 

89 

1-08.10' 3 






AcB 

211 

82 

3-21.10' 4 






AcC (0-32%) 

211 

83 

1-6.10' 5 






AcC" 

207 

81 

2-43.10' 3 
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1930). 

a R. W. Gurney, Proc. Roy. Soc ., A, vol. cxii, p. 380 (1920). 

« L. Meitner, Zs.f. Phys Bd, 17, p. 54 (1923). 

4 R. W. Gurney, Proc. Roy. Soc., A, vol, cix, p. 540 (1925). 

6 E Madgwick, Proc. Camb. Phil. Soc., vol. xxiii, p. 982 (1927). 


Table IVa 


Nam© 
of th© 

Mass- 

number 

Charge- 

number 

Decay 

constant.* 1 

Energy of disintegration. 

element. 

M. 

Z. 

A, sec -1 . 

3p X 10 a erg. 

Mp X 10- a volt. 

K 

39-41 

19 

(1-5.10- 31 ) 

c. 1-5 

c. 1-0 

Bb 

85-87 

37 

(5-0.10' 33 ) 

c. 0-2 

c, 0-1 


1 The decay constants were estimated by Miihlhoff, by counting the number of 
^-particles emitted from a given quantity of the element in question (W. Miihlhoff, 
Ann . der Phys., Bd. 7, p. 205 (1930)). The investigations of G. v. Hevesy (Nature, 
vol. exx, p. 838 (1927)) have shown that the /J-radiation observed from K is due 
only to the heavier isotope, and consequently the value of A given in the table has 
to be divided by the relative abundance of this isotope (factor 19). It is at present 
unknown which Bb isotope is the active one. It is also possible that the observed 
/3-radiation is due to some unknown isotope present in a very small quantity (K 40 ; 
Bb«*) 

secondary scattering, in which the /3-particles lose their energy in 
collision with other atoms, we should expect the average energy 
measured by the heating effect to be equal to the maximum energy 
observed in the continuous /J-spectrum. This is, however, not the 
case; the energy measured by Ellis coincides exactly with the average 
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energy of the electrons in the continuous spectrum, which proves 
that no energy is lost in collisions and the continuity of the /1-spectrum 
is a property of the disintegrating nucleus. 

In spite of the indefinite energy of /3-particles the period of decay 
for ^-transformations is a quite definite quantity for each element. 
Special experiments were carried out to show that the probability of 
ejection of a /8-particle does not depend on its energy, for a given 
element. A source of RaE was placed behind a screen thick enough 
to absorb all /8-particles of the continuous spectrum except the fastest. 
The decrease in a given time of the number of these fast particles 
was observed and proved to be the same as the decrease of the total 
number of electrons in the continuous spectrum. This can only be 
the case if the probability of ejection of fast electrons is the same as 
for slow ones. 

These results lead us to a very strange conclusion. Since there is 
no process compensating for the difference of energy lost by different 
nuclei of the same element in the ejection of a /1-particle, we must 
deduce, according to the principle of the conservation of energy, that 
the internal energy of a given nucleus can take any value within 
a certain continuous range. This difference of energy between the 
nuclei, however, has not the slightest effect before or after the /?- 
emission. The decay constants of the /8-disintegrating element itself 
and of the neighbouring product are quite definite, and there is no 
trace of a continuous distribution of energy in the emission of a- 
particles or y- rays. In these processes all the nuclei seem to be again 
completely identical, although up to the present no direct proof of 
this identity has been obtained.f 

We could try to construct some peculiar mechanism in order to 
explain why these differences of internal energy, which suggests the 
continuous /3-spectrum, have no other effect on the properties of 
the nucleus. However at the present state of the theory, as was 

t To prove directly that the nuclei all have the same definite amount of energy 
we should have to measure very exactly the corresponding mass-defects (at best for 
an element just between two ^-disintegrations, as, for example, RaE) and show that 
it has a definite value inside the limits of energy variation in the ^8-spectrum. It can, 
however, easily be seen that even with a modem mass-spectrograph such exact 
measurements are outside the limits of experimental possibility. Anothor and perhaps 
better proof of the identity of the nuclei would be the detection of intensity alterna¬ 
tion in the band-spectra of the diatomic molecules of some radioactive body. The 
presence of any trace of intensity alternation (Iff t/Tf t|#l) hi these bands would 
prove conclusively the identity of the nuclei. Unfortunately the band-spectra of 
radioactive elements have not so far been observed. 
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pointed out by N. Bohr, we must reckon with the possibility that 
the continuous distribution of energy among the nuclei is funda¬ 
mentally not observable, or, in other words, has no meaning in the 
description of the physical processes. 

<o This would mean that the idea of energy and its conservation 
fails in dealing with processes involving the emission or capture of 
nuclear electrons. This does not sound so improbable if wo remember 
all that has been said about the peculiar properties of electrons in 
the nucleus. While we have no relativistic theory and only very few 
experimental data it is very difficult to give an explanation, but 
there is no doubt that the question is of fundamental importance and 
will lead to revolutionary changes in our present picture of the 
physical world. <v> 



Ill 

EXCITED STATES AND ELECTRO-MAGNETIC 
RADIATION OE NUCLEI 

§ 1. The Spectra of the y-rays 

The spontaneous disintegration of an unstable nucleus with the ejec¬ 
tion of a- or /3-particles means a vigorous disturbance of the whole 
nuclear system and is very often accompanied by very hard electro¬ 
magnetic radiation y-rays. The spectroscopy of y-rays is very diffi¬ 
cult since the wave-lengths are so small, and only very soft y-rays 
can be directly measured in the ordinary way with a crystal spectro¬ 
meter. The most convenient method of y-ray spectroscopy is the 
study of the photo-electrons ejected by the y-rays from the different 
electron-levels of the disintegrating atom, a method developed parti¬ 
cularly by C. D. Ellis and L. Meitner. All radioactive elements which 
are kn own to emit y-rays also emit strong secondary ^-radiation, 
which appears in the magnetic spectrum as a rather complicated 
system of lines of different energies. Eor //-disintegrating elements 
these discrete lines fie in the region of the continuous spectrum of 
the primary /3-rays. 

We must bear in mind that y-rays of a single wave-length give rise 
to several lines in the /3-ray spectrum corresponding to the various 
levels (K, L,M,...) in the atom from which they can eject an electron. 
Accordingly, in analysing the j8-ray spectrum we must first look for 
lines with energy-differences equal to the energy-differences ( K — L, 
K—M, L—M,...) of the atomic levels; these lines will then define 
a single wave-length of the y-ray spectrum. (The process of analysis 
is shown in Table I.) 

The question arises whether the y-rays are emitted before or after 
the disintegration, i.e. whether the observed //-ray lines correspond 
to transitions of the disintegrating nucleus itself or of its product. 
To decide this it is sufficient to investigate whether the y-rays of 
a given element are converted in the electron-levels of the same atom 
or in those of its product. Owing to the small difference between 
the levels of two neighbouring atoms very accurate measurements 
are necessary to distinguish between these two possibilities. The 
matter was investigated by L. Meitner, who used the y-rays emitted 
by the a-disintegrating elements RaAc and AcX, for which the 

3595.2 T 
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Table I 

Analysis of the secondary fi-ray spectra emitted by AcX (Z ■ • 88) 


Energy of 


Level 

Energy of 

Energy of 

Dovia* 

yS-group 


of 

the level 

y-ray 

tions 

X 10 6 erg. 

Intensity. 

origin. 

X 10® erg. 

X 10' 6 volt. 

% 

00723 

80 

K( 86) 

0-1554 

0-2277 

1 

0-2003 

50 

Ly „ 

0-0286 

0-2289 

} 0-6 

0-2204 

25 

ikfj f, 

0-0071 

0*2275 

J 

0-0889 

100 

K „ 

0-1554 

0*2443 

1 

0-2159 

60 

ff 

0-0286 

0*2445 

S 0-0 

0-2358 

15 

M x „ 

0*0071 

0*2429 

J 

0-0950 

40 

K „ 

0-1554 

0*2504 

1 

0-2204 

25 


0-0286 

0*2490 

• 1-0 

0*2407 

15 

M 1 „ 

0-0071 

0-2478 

J 

0-1658 

40 

K „ 

0-1554 

0-3212 

} 2 .0 

0-2860 

15 

>r 

0-0286 

0*3165 

0-2717 

100 

K „ 

0-1554 

0-4361 

} 0-2 

0-3990 

30 

Ly „ 

0-0286 

0*4295 


charge-numbers of the original nucleus and the product differ by 
two, so that the difference of the levels is more easily perceptible. 
Meitner found that the conversion takes place in the product-atom, 

Table II a * 1 


Energy 
fico x 10 6 erg. 

Energy 
fico X 10"® volt. 

Conversion 
observed in. 

0-0924 

0-0581 

Ly, L t , M, N 

0*1265 

0-0795 


0-205 

0-129 

L t M , N 

0-293 

0-184 

K , L, M 

0-387 

0*243 

K 

0-398 

0*250 

K, L x 

0*508 

0-319 

K,L X 

0*538 

0-338 

K, L x 

0-649 

0-408 

K, L x 

0-735 

0-462 

K, L x , M 

1-454 

0-914 

K f L x 

1-543 

0-970 

K t L x 

2-555 

1*606 

K 

2*619 

1-646 

K _L 


Relative 

intensity 

(250) 

(ir>) 

(1(H)) 

(50) 

(4) 

( 18 ) 

( 1 «) 

(H) 
(3) 
(#) 
( 0 ) 
(3) 

( I ) 
( 1 ) 


D. H. Black, Proc. Roy. Soo., A, vol. cvi, p. 632 (1926). 


(r»9) 


Tabu; IX » (1 


y-rays from ThB -> ThC (p) 


Energy 

Energy 

Conversion 

Relative 

ftto X 10® erg. 

Kw x 10-* volt. 

observed in. 

intensity. 

0*1188 

0*0747 

L lt L t , M\, N x 

(«») 

0*278 

0*176 

K 

(4) 

0*304 

0*191 

K 

(20) 

0*321 

0*202 

K 

(1) 

0*369 

0*232 

K 

(30) 

0*383 

0*241 

K, L x , M v N x 

(200) 

0*401 

0*262 

K 

(4) 

0*480 

0*302 

K, h v M x 

(30) 

0*067 

0*360 

K 

(1) 


» D. H. Black, 1. c. 


Table II c tl 


y-rays from 


ThC -> ThC' (p) 
ThC ThC” («) 
ThC’-> ThD («) 
ThC” ThD (p) 


Energy 

Enorgy 

Conversion 

Relative 

Notes 

ftco x 10® org. 

Hex) X 10 6 volt. 

observed in. 

intensity. 

about origin 

0*0649 

0*0408 

L v L tf L a , M l% NO 

(v.a.) 

TMXr (m) 

0*231 

0*146 

iC, L x 

(f.) 

j Tht.'C' («) 

0*269 

0*163 

K 

(Q 

! Thar {«) 

0*283 

0*178 

K 

(f.) 


0*310 

0*190 

K 

(m.) 


0-335 

0*211 

K, L x 

(m.s.) 


0*370 

0*233 

K t L x 

(m,s.) 


0*386 

0*243 

K 

(f.) 


0*402 

0*203 

K, L x 

(m.s.) 


0*412 

0*259 

K , L x 

(m-) 


0*444 

0-279 

K , L x 

(V.8.) 

Thar (m) 

0*464 

0-292 

K, L x 

(s.) 


0*060 

0-346 

K 

(m.f.) 


0*698 

0-439 

K 

(f.) 

ThCC r (a) 

0*762 

0.479 

K 

(f) 

Thccr (f*) 

0*822 

0-517 

K ; L Xf M x 

(v.».) 


0*938 

0-590 

K , L x 

(V.8.) j 


0*997 

0-627 

K 

(m.f.) j 


1*046 

0-058 

K, L x 

(m.e.) ! 


1.200 

0-780 

K 

(m.f.) 


1*385 

0-871 

K 

(m.s.) 


1*420 

0-893 

K 

(f.) 


4*212 

2-049 


(«•) 



1 D. H. Black, 1. c. 
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and we therefore conclude that the y-rays are emitted by the radioactive 
nucleus after the disintegration. 

Much experimental knowledge of the y-rays of different radioactive 
bodies has been obtained by analysing their secondary /3-ray spectra 
in this way. The results thus obtained are given in Tables II, III, 
and IY.f 


Table III a' 1 


y-rays from Ra—> RaEm (a) 


Energy 

Energy 

Conversion 

Bolativo 

ftco X 10® erg. 

?ico X 10"® volt. 

observed in. 

intensity. 

0-298 

0*189 

K, L, M 



* L. Meitner, Zs.f. Phys., lid. 20, 8. 161 (1924) 


Table 


y-rays from RaB -» liaC (/?) 


Energy 

Energy 

Conversion 

Relative 

ho) X#10® erg. 

fUoX 10“® volt. 

observed in. 

in tensities 

0*0852 

0*0536 


(63). 

0*313 

0*197 

K 

(2) 

0*328 

0*206 

K 

(1) 

0*386 

0*243 

K, L x , M x 

(25) 0-163 

0*413 

0*260 

K f L x 

(6) 

0*439 

0*276 

K 

(3) 

0*472 

0*297 

K, L lf M x 

(30) 0-313 

0*507 

0*319 

K 

(1) 

0*563 

0*354 

K,L lf M x 

(40)0-511 

0*749 

0*471 

K 

(1) 

0-766 

0*482 

K 

(1) 


1 C. D. Ellis and W. B. Skinner, Proo. Boy. Soc., A, vol. ev, p. 190 (1924). 

t Bi these tables the data obtained hitherto, eonooming the y-rays from different 
radioactive bodies, are collected. The relative intensities, represented roughly by 
the relative number of electrons ejected from if-levels, are shown in the last column. 
Only for a few y-lines (from RaB and RaC) are tho intensities measured accurately 
(see p. 78); in such cases the number (heavy type) given represents tho total number 
of transitions in question (number of y-quanta plus tho number of ejected electrons) 
per disintegration. 
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Table IIIc (1 


. fRaC->RaC' (B); [RaC 
y-rays from [^aG"->HaD] (/3) 


RaC"] (a); RaC'->RaD (a) 


Energy 
tico X 10® erg. 

Energy 
ftwX 10"® volt. 

Conversion 
observed in. 

Relative 

intensity. 

Kotos 

about 

origin. 

0-0937 

0-0589 

t •M‘% 

(6) 


0-382 

0*240 

K 

(1) 


0-399 

0-251 

K 

(1) 


0-437 

0*275 

K,L X 

(4) 


0-448 

0*282 

K 

(2) 


0*528 

0-332 

K,L t 

(2) 


0-619 

0-389 

K, L x 

(3) 


0*682 

0-429 

K, L x 

(3) 


0-800 

0-503 

K,L X 

(1) 


0-867 

0-545 

K 

(2) 


0-917 

0-577 

K 

(1) 


0-937 

0-589 

K 

(1) 


0-973 

0*012 

K, L v M x , N x 

(30) 0-663 


1-043 

0-050 

K 

(6) 


1-067 

0-671 

K 

(6) 


1-229 

0-773 

K, L x 

(5) 0-065 


1-334 

0-839 

K 

w 


1-496 

0-941 

K,L X 

(7) 0*067 


1-590 

1*000 

K 

(6) 


1-797 

1-130 


(13)0-208 


1-857 

1*168 

K 

(3) 


1-984 

1-248 

K, L x 

(7) 0 063 


2-051 

1-290 

K 

(2) 


2-210 

1.390 

K, L x 

(7) 0-064 


2*207 

1-420 

K f L x 

(16)0003 

RaCC' (/?) 1 

2-290 

1*440 

K 

(2) 


2-326 

1-403 

K 

(2) 


2-474 

1*556 

K 

(1) 


2-554 

1-600 

K 

(1) 


2-614 

1*044 

K 

(1) 


2*681 

1*080 

K 

(1) 


2-743 

1-725 

K 

(2) 


2-773 

1*744 

K 

(1) 


2-827 

1*778 

K, L x 

(8) 0-259 


2-886 

1*815 

K 

(1) 


3-019 

1-899 

K 

(1) 


3-090 

1*947 

K 

(1) 


3-228 

2-030 

K 

(1) 


3-282 

2*064 

K 

(1) 


3*385 

2*129 

K 

(1) 


3-528 

2-219 

K, L x 

(3) 0 074 


3-784 

2-380 

K 

(1) 


3-907 

2-457 

K 

(1) 


4-015 

2*525 

K 

(1) 


4-185 

2-632 

K 

(1) 



1 0. D, Ellis, Proc. Comb. Phil. Soo., vol xxii, p. 309 (1925), 
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Table IIId (1 


y-rays from RaD -> RaE (/?) 


Energy 
fico X 10 tf erg. 

Energy 
^ct)XlO'“ volt. 

Conversion 

I observod in. 

Rolativo 

intensity. 

0*0750 

0*0472 

L v Z 2 , M x , N x 


1 C. D. Ellis, Proc. Carnb. Phil. Soc., vol. xxi, p, 

. 125 (1922). 


Table IV a< 1 
y-rays from Pa->Ac (ot) 


Energy 

Energy 

Conversion 

Relative 

fito X 10 8 erg. 

ftco X 10"° volt. 

observed in. 

intensity. 

0*1516 

0*0954 

N ! 

(6) 

0*468 

0*294 

K t L lt M x 

(6) 

0*515 

0*324 

K, L x , M x 

(4) 


1 L. Meitner, Zs.j. Phys., Bd. 50, 8. 5 (1928). 


Table IV b< x 


y-rays from RaAc~>AcX («) 


Energy 

Energy 

Conversion 

Kelativo 

ftcoX 10® erg. 

haj X 10" B volt. 

observed in. 

intensity. 

0*051 

0*032 

L lt L» M lt M v M t , N u N, 

(S) 

0*0695 

0*0437 

L» L v L„ M y 

(4) 

0*0847 

0*0533 

Ly, My 

(4) 

0*0976 

0*0614 

LX, My, Ny 

(»> 

0*160 

0-1007 

Ly, My, Ny 

(4) 

0*2370 

0*1491 

K, Ly, My 

<«) 

0*311 

0-1954 

if) P\t 

(3) 

0-4036 

0*2539 

K, L it M x 

(4) 

0-4485 

0*2821 

K, L x 

(2) 

0-4773 

0*3002 

K,L t 

(2) 


1 L. Moitner, Zs.f. Phys., Bd. 34, s. 807 (1925). 


Table IV c< 1 


y-rays from AcX-> AcErn (a) 


Energy 
fta) X 10® erg. 

Energy 
hoj X 10' 8 volt. 

Conversion 
observed in. 

Kelativo 

intensity. 

0*228 

0-143 

K t Pit Mi 

(8) 

0*244 

0-153 

K, Ly, My 

(10) 

0*249 

0-157 

K, Ly, My 

(4) 

0*318 

0*200 

K, Ly 

(4) 

0*427 

0*269 

K, Ly 

(10) 


1 L. Meitner, 1. c. 




1II, § X THE SPECTRA OF THE y-BAYS 

Table IV ^ 

[AcC-~>AcC r ] 08) 
AcC~>AcC" (a) 
[AcC'->AcD] (a) 


Conversion 
observed in. 


K, L v M t 
K, L x 
K, L x 

1 L. Meitner, L c. 

We see that some elements have rather complicated y-ray spectra, 
while others have only a few lines or oven only one line of small 
energy. The disintegration of the elements RaEm, RaA, RaE,..., 
is proved not to be accompanied by y-radiation or only by such weak 
radiation that it cannot be perceived. These facts are evidently con¬ 
nected with the strength of the initial excitation and the relative 
position of the quantum-levels in the different nuclei. We might 
mention here that in using the data of Tables II, II, and IV we must 
bo very careful: y-ray spectroscopy is as yet in an early stage and 
the existing data cannot be regarded as so certain as those from 
Rowland’s Tables. It is possible that many lines are not yet registered 
and the big gaps (for example, in ThC between 1*420 x 10~ 6 erg and 
4*212 x 10~ 6 erg) do not necessarily mean that there are no lines in 
between; possibly this region has not yet been investigated experi¬ 
mentally. 

§ 2. Fine Structure of a-particles and y-rays 

Since the emission of a y-ray is always preceded by an a- or /?- 
disintegration of the nucleus, we interpret the y-radiation as due to 
radiative transitions of the nucleus excited by the disintegration. 
The diagrammatic representation of the history of successive dis¬ 
integrations with the emission of y-rays is given in Fig. 17. The 
particle (<x or [3) ejected from the nucleus No. 1 may leave the 
product-nucleus No. 2 in an excited state, after which transitions to 
states of lower energy with emission of y-rays will take place. 

As the period of y-ray emission is usually much shorter than the 
average life of the nucleus, the y-rays will appear to be emitted 


Relative 

intensity. 

w 

(3) 


Energy Energy 

ftco x 10® erg. fio) X 10'* volt. 

0*562 0*353 

0*731 0*460 

0*763 0*480 
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together with the ejected particle from No. 1 and will ho ascribed to 
No. 1, although they are actually due to transitions between the 



Nucleus Nil Nucleus N2Z Nucleus A/83 
Fig. 17 


quantum states of the nucleus No. 2, and are converted in the 
electron-levels of the atom No. 2. In view of this it is more rational 
to denote a y-ray by the names of both the disintegrating and the 
product-element together. With this notation y-ThOO", for instance, 
means the y-ray observed in the disintegration of ThC and corre¬ 
sponding to the level system of the ThC"-nucleus. 

If the nucleus is excited during the ejection of an a-particlc the 
particle will evidently be emitted with smaller energy than when the 
nucleus is left in its normal state. Wo may therefore expect that 
bodies emitting y-rays must have, besides the ordinary particles, 
several groups of particles of lower energy. The energy-differences 
between the different groups of these low-speed particles will corre¬ 
spond to those of the different quantum-levels of the product-nucleus 
(see the diagrammatic representation in Fig. 18). If the product- 


E' 


E A 


f\ 


<LL \ 


1 \ 


mm iiM 


ab 1 \ 


kmBWM i 


_ r 

wm 


1 Before disintegration 1 

1 After disintegration 


• Disintegration without excitation 
o Disintegration with excitation 
Fxo. 18. Origin, of the low-speed . 

nucleus is left in an excited state, a transition to a state of lower 
energy can take place with emission of y-rays. We should therefore 
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expect the energies of the y-rays emitted by the product-nucleus to 
agree with the energy-differences between the different groups of 
low-speed particles. If the oxcitation of the nucleus is due to the 
ejection of an a-particle and E a<t is the energy of the ordinary 
a-particles emitted from a certain disintegrating element A, and E' 0 , 
E' v E'%,... are the energy-levels of the product-nucleus A', we may 
expect to observe besides the main group of energy E^ also slower 
groups of a-particles with energies 

K,= *»-[*;-■*•]; ... 

The relative intensities of the different groups will decrease rather 
rapidly with their energy. 

Such weak groups of a-particles with smaller energies than that 
of the main group have actually been observed for certain a-dis- 
integrating bodies which emit y-rays. Using a strong magnetic field 
Rosenblum succeeded in showing that the magnetic spectrum of ThC 
a-particlos consists of five very close groups, referred to by Rosen¬ 
blum as the ‘fine structure of a-rays’. The groups of smaller energy 
are vory weak.f The energy-differences and relative intensities of 
different groups as measured by Rosenblum are given in the first two 
columns of Table V a. 

Table Va 

Low speed a-particles of ThC 


Name 
of the 
group. 

Enorgy-difforoncos 

<**-*«*> X10* 

Energy-differences 
x 10- volt. 

Relative 

intensity 

vv 

<*0 


—- 

X 


00646 


3*3 

a fl 

0*522 

0*328 


<*a 

0736 

0-462 


<*4 

0-768 

0*483 

mm 


1 G, Rosenblum, 0. R., vol. cxc, p. 1124 (1930); Journal de physique , vol. i, p. 438 
(1930). The notation is different from Rosenblum’s. The lines are numbered in the 
order of decreasing energies and not of relative intensities. 

From what has been said above we should expect to find in the 
y-ray spectrum emitted during the disintegration of ThC lines with 

f These groups cannot be explained as a-particles escaping from the different 
excited levels of the ThO nucleus. As we shall see in the next paragraph, such 
particles can only be observed for elements with very short life, while the disintegra¬ 
tion period corresponding to the different groups of a-particles of ThO is about 
six hours. 
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energies equal to the differences between the levels as given in 
Table Va. Inspection of the table of y-rays from ThCC'-fCO"-f C"D 
(p. 59) shows that such lines actually exist (0-0(549 ; 0-231; 0-259; 
0-444; 0-698; 0-762 x 10" 6 erg).f They agree well with the energy- 
differences between the different a-particle groups. As the energies 
of the y-rays are measured more accurately than those of the different 
fin e-structure groups, it is more rational to construct tho exact level 
scheme using these values. The balanced values of the energy levels 
are given in Table Vb and also in Fig. 19. Tho agreement between 
the calculated and observed energies for tho y-rays can be seen from 


Table Vc. 


Table Vb Table Vc 


Level. 

Energy X 10° erg. 

From From a-rays 

y-rays. structure. 

Transi¬ 

tion. 

Energy- 
differences 
from levels 
X 10 8 erg. 

Energy of 
y-quanta 
observed 

X 1(> 8 erg. 


A 

0-0000 

0-0000 

B~A 

0-0644 

0*0641 

j-0-0003 

B 

0-0644 

0-0646±0-0012 

D-C 

0-229 

0-227 

f-0*002 

G 

0-502 

0-522 ±0-020 

E~G 

0-250 

0-255 

f 0-001 

D 

0-731 

0-735 ±0-015 

G-B 

0-438 

0*440 

-0-002 

E 

0-758 

0-768 ±0 015 

E-B 

0-094 

0-694 

0-000 




E-A 

0-758 

0-758 

0-000 



Fig. 19. Level-scheme of tho ThC" nucleus. 


t These lines are calculated as due to ThC" /? - transformation and consequently 
converted in the atoms of ThD. Thus we must introduce a correction: -0-0036.10-‘ 
erg for the IT-level and -0-0008.1<H erg for tho L-lovel. In Table Vc already 
corrected values of ftco are given* 
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We see that the agreement within the given level scheme and also 
between the values of the energies obtained from the y- ray lines and 
the a-ray fine structure is very good. Three y-rays are missing; this 
may be due to their small intensity or simply to the incompleteness of 
the present y-ray tables. Tho relative intensity of the different low- 
energy groups will evidently be defined by the ratio of the correspond¬ 
ing decay constants. Using formula (50) of Chap. II we may write 

■‘■an 

r 

•*<*0 

where r'J* 1 is the radius of the nucleus in the nth excited state. Putting 
rSf’= r 0 this formula gives a decrease of intensity of the different 
ThC groups somewhat more rapid than that observed. This shows 
that we must ascribe to the nucleus in an excited state a radius 
greater than that for a normal state, which is quite reasonable. 
The radii of tho ThC" nucleus in its normal and excited states are 
shown in Table VI. 

Table VI 

Radii of excited ThC" nucleus 

Excitation 
Level energy 

excited, x 10® erg. 

Normal 0-000 

B 0*064 

€ 0*502 

D 0*731 

B 0*758 

Up to the present ThC is the only element for which measurements 
of the low-speed groups of a-particles have been made. The investiga¬ 
tions of Rutherford and his collaborators! by a new precise differen¬ 
tial method for range measurement give evidence of the existence 
of a similar fine structure for the a-particles of RaC and AcC (Fig. 20). 
For all three (7-products the curves show the existence of groups of 
a-particles with energy slightly smaller than the normal. The 
analysis of such curves in order to define the exact position of the 
different groups can give us only very rough data and more detailed 
investigations by the method of magnetic deflexion are necessary. 

f E. Rutherford, F. Ward, and C. Wynn-Williams, Proc. Boy. Soc., A, vol. cxxix, 
p. 211 (1930). 
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For ThC the range distri¬ 
bution curve as observed by- 
Rutherford is just the curve 
we should expect from 
Rosenblum’s exact values 
of the velocities and inten¬ 
sities of the different groups. 
The analysis of the range 
spectra for RaC and AcC 
suggests besides the main 
group (R 0 4-056 cm. and 

5-41i cm.) the existence of 

Distance in cm. from centre of"main peak loW-Specdgroups: jRq“ 3 - 8()8 

Fig. 20 o. Fine-structure of ThC- a-rays. cm. for RaC, and Ii n = 4-99l 

cm. for AcC. The corre¬ 
sponding energy differences 
are 0-27 x 10"° erg for RaC 
and 0-54 x 10~® erg for AcC. 
The corresponding y-rays 
can hardly be expected to 
be found in the spectrum of 
the RaC mixture as the 
number of a-disintcgrating 
Fig. 20 b. Fine-structure of RaC-a- rays. atoms is Only 0-04 per Cent. 



Range in Air in cm. 



of the whole, and the lines 
will be very weak. In the 
oase of AcC, for which the 
percentage of oi-disintegrat- 
ing atoms is 99-7 per cent., 
the line must be fairly strong 
and may fit with the line 
0-562x10-* erg from the 
table of y-rays of the AcC 
mixture. 

We should expect the 

4 2 Aa nceinA^ncm. ** 5 a existence of low-speed «-par- 

Fig. 20 c. Fine-structure of ^C-crays. ^ f ° r &U “- di ^tegrating 

elements which emit strong 

y-radiation such as RaAc, AcX, though owing to experimental 
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difficulties those groups have not yet been observed.-)- On the other 
hand, for elements with very weak y-radiation such as Ra, Po, or 
for those which show no perceptible radiation such as RaEm, RaA, 
the groups of low-speed a-particles must be extremely weak. The 
occurrence or non-occurrence of excitation by the a-disintegration 
is evidently due to a rather complicated interaction between the 
different constituent parts of the nucleus. 

<o Very strong y-radiation is observed as a rule for jS-disintegrating 
elements. There aro again some exec.ptions; RaEF, for example, shows 
no trace of y-radiation. Owing to our ignorance of the behaviour of 
the nuclear electrons and the process of /?-decay the problem of the 
excitation of the nucleus by the ejection of a jS-particle cannot be 
solved at present. The experimental fact that the energy of the 
y-rays from /J-disintograting nuclei never exceeds tho upper limit of 
the continuous ^-spectrum shows a close connexion between the 
excitation of the different nuclear levels and the energy distribution 
among the jS-particles in the continuous spectrum. <x> 

§ 3. Long Range a-particles and y-rays 

We have spoken hitherto of tho excited states of the nucleus as 
a whole. Since tho nucleus consists of many particles of different 
kinds we may consider different kinds of excited states due to the 
excitation of an a-particlo, or of a proton, or to the simultaneous 
excitation of several nuclear particles, although owing to the strong 
interaction between the parte of the nucleus this division is rather 
rough. We should expect the differences between the energy levels 
due to the excitation of an a-particlo to he smaller than those 
corresponding to the excitation of a proton, owing to the greater 
mass of the a-partiole. The diagrammatic representation of the two 
sets of levelsj is given in Fig. 21; the fundamental level and F® 
of each system is defined as the difference between the energies of 
binding (mass-dofeots) of the original nucleus in the state of lowest 
energy and the product-nucleus after the emission of the correspond¬ 
ing nuclear particle. We must keep in mind that, owing to the inter- 

f Quito recently a complex-at rnoturo of a-mya from RaAc has been found by 
I. Curie (C.M., voL exeii, p. 1102 (1931)), who was able to show that the a-radiation 
of this element consists of two groups (of about equal intensity) 0*28 x 10* volt apart, 
in good agreement with the y-ray 0-282 x 10® volt of RaAc. 

X For radioactive substances the fundamental oc-level is positive (corresponding 
to the possibility of spontaneous ^-disintegration), while the fundamental proton- 
level has a large negative value. 



70 EXCITED STATES AND ELECTRO-MAGNETIC RADIATION III, §3 
action of the particles, the energies of the excited states, when more 
than one particle is excited, are not exactly equal to the sum of the 
energies of excitation of each particle separately. 

If the nucleus is in an excited state a transition can take place to 
a level of lower energy, the energy-difference being emitted in the 
form of y-rays. There is, however, the possibility of an alternative 
process in which an excited particle, if its energy is sufficiently large, 
will cross the potential barrier surrounding the nucleus and escape 
with the energy of the excited level. We should, therefore, observe 



Fio. 21. Origin of high-speed oc-groups. 


several groups of high-speed particles due to the disintegration of the 
excited nucleus. As the fundamental proton level in radioactive 
nuclei is very deep a proton would have to be very highly excited 
before it could be ejected; on the other hand, the fundamental, and 
consequently all excited levels of a nuclear a-partielc, have positive 
energies. It would be incorrect to say that the actually observed 
high-speed a-groups correspond entirely to tho excited a-levels of 
the nucleus, as owing to the very strong interaction we should expect 
the following process. Suppose there is a proton in a certain excited 
level E ( £\ perhaps even of negative energy (see Fig. 21); it can happen 
that the proton in falling to a lower level E { ” l) will, instead of radiating 
energy, give it to an a-particle, which is just going to leave the 
nucleus from a level of energy E ( £'\ say. The a-partiole will be ejected 
with the energy E£E%—E™, just as if there existed an a-lovel of 
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this energy, which wo may call a ‘false, re-level’. Such processes, 
which may bo compared with those which give rise to low-speed 
re-particles, make the scheme of re-groups very complicated. Owing 
to the strong interaction the probability of emission of such groups 
is very great, and it is practically impossible to distinguish between 
the true and ‘false’ levels until the nature of the different quantum 
states of the nucleus is more exactly known. The high-speed a-groups 
do, however, give us the complete system of all possible excited 
states of the nucleus. 

If now is the energy of an excited re-level (true or ‘false’), 
\ ln) the corresponding decay constant and K n m the probability of 
a transition from the nth to the with level, the relative number of 
a-particles in the nth high-speed group will be 

( 2 ) 

i K n,m 

where p (rl) is the percentage of nuclei with an re-particle in the excited 
nth level. The relative number of high-speed re-particles will be 
rather small owing partly to the fact that even for these energies 
the docay constant A is still much smaller than the probability of 
transition, and partly to the small number of a-particles in excited 
states of very high energy. 

The high-speed groups have been actually detected in the re- 
radiation of certain radioactive elements with a very short period 
of life. The range-spectra of these groups in ThC' and RaC' are 
shown in Kgs. 22 a, 6.f Prom this distribution only two groups for 
ThC' (jRJ = 9-77 cm. and Bl 1 ~~ 1T57 cm.) and one group for RaC' 
(R$ — 9-03 cm.) can be definitely established, but it is certain that 
also several woaker groups are present.^ The differences between 
the energies of the high-speed groups and that of the normal group 
are given in the fifth column of Table VII a, b. These energy-values 
give us directly the position of the different excited levels of the 

f Nimmo and Feather, Proa. Boy* Soc* f A, vol. exxii, p. 608 (1929). 
t Quito recently the high-speed groups of RaC' have been investigated by Ruther¬ 
ford, Ward, and Lewis (Proc. Boy . Boo., A, vol. cxxxi, p. 084 (1931)). In addition to 
one previously known group eight more oould be traced. The energy-differences 
between these groups and the normal one are: LOO; 2*32; 2*80; 3*09; 3*50; 3*74; 
4*11; 4*52 ; 4*77 x 10° erg. Although the nuolear levels indicated by these groups fit 
well with several known y-rays of RaC', on© has not yet succeeded in the identi¬ 
fication of all possible transitions with the observed y-spectra. 
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nuclei of the C'-products. From what was said above we should 
expect the existence of y-rays l-3o and 3-0ixl0- fl erg for ThC' and 
of a y-ray 2-3CX 10“® erg for RaC'. 

Table VII a 


High-speed particles from ThC'. 


■ 

Name of 
tho group. 

Ban go 
li Q cm. 

Energy 

X 10‘ org. 

Energy-difforonco. 

Relative 

number. 

X 10® erg. 

X 10”® volt. 

Normal ot 0 

8*487 

13*99 

_ 


1 

a 1 

9*77 

15*20 

1*3() 

0-82 

65x10“® 


11*57 

17-00 

3*01 

1-90 

180x10® 


Table VII b 


High-speed particles from RaC. 


Name of 
tho group. 

Range 
B 0 cm. 

Energy 

X10® org. 

Energy-difference. 

Relative 

number. 

X 10 s org. 

X 10“* volt. 

Normal a 0 
a' 

0*854 

9*03 

12*20 

14-50 

2*30 

1-49 

1 

12x10® 


The identification of the onorgy-differences between the different 
groups of high-speed a-particles with those of the lines of the y-spectra 
is difficult owing to the uncertainty in estimating the energy of the 
a-particles from the range measurements. The ThC'-difference 
E a i—E a(t = l-3oX 10”® erg may fit with the y-line 1-385x 10~ # erg, 
while the two other differences E^i—E^ = 3-0xx 10 -6 erg and 

fall in a region of the y-spectrum which has not yet been investigated. 
R. H. Fowlor has discussed the possibility that the RaC'-difference 
E a r~E ao = 2-3o x 10~® erg may fit with the RaC y-line 2-267 x 10-® 
erg. As this line evidently corresponds to a forbidden transition 
of the RaC'-nucleus (see p. 79) it would be possible to account for 
the fact that the E^ group of RaC' is much stronger than all the 
other groups. This question cannot be decided, however, until more 
accurate measurements of the energies of the high-speed a-groups 
have been carried out. 

The energy-levels as obtained from the analysis of low-speed and 
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high-speed a-particles are at present the only data which are at all 

reliable. Of course, it is possible to 
construct a tentative nuclear level 
scheme, using the combination prin¬ 
ciple, in order to account for the 
observed y-lines. Such a scheme, 
based only on numerical agreement, 
is very uncertain and also not 
unique, so that no great reliance 
can be placed on it. A typical 
example of such a schemo is shown 
in Kg. 23, classifying ten lines of the 
RaCC'+RaCC"+RaC'D+RaC"D 
y-spectra in five levels; all ten pos¬ 
sible transitions between the given 
levels can be found in Table III o, 
agreeing with an accuracy of 0-3 per 
cent, or less. If the level scheme shown in Fig. 23 is correct it ought 
to give the levels of the excited RaC' nucleus. 


0-094- 

0-0000-o' 

Fig. 23. Level scheme of RaC' nucleus 
(doubtful!). 


§ 4. Probability of y-emission 

We shall now consider more closely the question of the probabilities 
of the different radiative transitions of the excited nucleus. The light 
quanta emitted by any radiating system can have different values 
of the angular momentum greater than zero (j Q = |jj — 1,2,3,...).f 
If, as for y-rays, the wave-length A of the emitted radiation is large 
compared with the dimensions r 0 of the radiating system, the pro¬ 
bability of emission of such quanta will decrease rapidly | 

with increasing angular momentum, so that only transitions giving 
rise to light quanta with angular momentum unity will be of any 
importance.^: If i and i' are the angular momenta of the nucleus 
before and after emission respectively, we have 

= ( 3 ) 

From what has been said about the possible values of the angular 

t It can be shown that light quanta with zero angular momentum do not exist. 
t The wave-length of the hardest y-rays (A ~ 5 X 10' u cm.) is still sixty times greater 
than the nuclear radius (r 0 ~ 10“ la cm.), so that the probability of a transition giving 
rise to quanta with angular momentum two is more than a thousand times smaller 
than that of a transition with emission of quanta with angular momentum unity. 
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momenta of the emitted y-quanta, the following selection rules for 
the nuclear radiative transitions may be obtained. The transition 
is possible as it corresponds to light-quanta with unit 
angular momentum; while transitions i-*-i+x ( x 1), corresponding 

to the emission of light quanta with larger angular momentum, are 
very weak. Transitions between two states with equal i are allowed 
for all values of i except zero, as if i — %' > 0 the vector equation (3) 
always allows the possibility of non-zero angular momenta. There¬ 
fore, in the y-radiation from nuclei only transitions with Ai= ±1 
and Ai — 0 (for i-/=()) may be expected to be observed; the lines 
corresponding to |Ai| > 1 are too weak, and those corresponding to 
i = i' — 0 are excluded. The probability of a radiative transition 
between the with and nth levels is, as is well known, given by the 


2/3 2 


K 


z*e 


_ 4 z~e 2 co‘* m . . 2< -2 -Ilia > l 2 

n ’ m '3 tic 3 1 " <m 1 3 c 3 tihn * 


( 4 ) 


where to n m is the frequency of the emitted y-ray, and ze, r nm are 
the charge and matrix element of the radius vector of the radiating 
particle respectively. Since we do not know the wave-functions 
representing the motion of a radiating nuclear particle we can obtain 
from the formula (4) only the upper limit for the transition-probability. 
We must, however, always remember that the actual values of k may 
be much smaller than the calculated upper limit. 

A more or loss direct estimation of the transition probabilities for 
excited nuclei can be carried out for nuclei for which the high-speed 
a-groups have been observed. From formula (2) we have 


n—1 

■■ I ***’ 

m ™ 0 


--p 


i (n) 


A<"> 

’ JSfM’ 


( 2 ') 


where A (n) can be calculated from the known energy of the high-speed 
particles and N (n) can be directly observed. From the measurements 
of the intensities of the y-lines (see, for example, Table VIII) we con¬ 
clude that the excitation of the levels corresponding to the main 
high-speed groups of ThC' and RaC' is strong and of the order of 
magnitude unity. For the a-partieles of two groups of ThC' and one 


f From the general wav©-mechanical relation: 


*2 


n 


1 it follows that: |r Wrl „| 2 < 


2mw n 
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of RaC' we calculate the decay constants to be 

A = 3x 10 10 ; 5x 10 12 ; 7x10°; sec- 1 . 

Using the values of from the Tables VII a, b and putting 
I we obtain for the transition probabilities of the y-lines 
corresponding to the high-speed groups 10 14 ; 3xl0 16 for 

ThC' and k~6x 10 14 for RaC'. The corresponding upper limits 
given by (4) are < 6 x 10 16 < 3 x 10 16 and 2 x 10 10 . We see that the 
actual values are rather smaller than the calculated upper limit. 
Probably the comparatively small transition probabilities from the 
levels in question give the reason why the high-speed a-groups 
corresponding to these levels are much more intense than the others. 

§ 5. Secondary Electrons ejected from the Atom during Dis¬ 
integration 

Energy may also be liberated from an excited nucleus in another 
way; it may be communicated to one of the extra-nuclear electrons. 
Then, instead of a y-ray, an electron will be emitted from the atom 
with energy equal to that of the excited nucleus minus the ionization 
energy of the atomic level from which the electron has been ejected. 
As we have seen, such discrete groups of secondary electrons are 
actually observed in radioactive transformations and they supply us 
with one of the best methods of investigation of the excited states 
of the nucleus. The interaction between the extra-nuclear electron 
and the excited nucleus, which gives rise to the process of emission, 
will be essentially different for large and small distances of the 
electron from the nucleus. For distances large compared with the 
dimensions of the nucleus the interaction may bo treated as due to 
the electro-magnetic radiation field of the nucleus, and we may 
consider the so-called internal conversion of y-rays in the electron- 
shells of the atom in which they are emitted as a kind of photo¬ 
electric effect. By the general theory of perturbations the probability 
of ejection due to such an interaction is given by 

K P ss k\j w Kh *°| 2 r > r o> ( 5 ) 

where i {i Cl and ifs et are the wave-functions for the electron in a stable 
orbit and the ejected electron respectively and W is the perturbing 
term in the wave-equation due to the electro-magnetic field of the 
radiation from the nucleus. If W n corresponds to the field due to the 
emission of one quantum per unit time the formula (5) may be 
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written in the form ^ __ k m K ^ 



( 5 ") 


and K(cjo) may he called the coefficient for the internal photo¬ 
electric effect, or internal conversion coefficient of the y-ray. To 
indicate in which electron-level the conversion has taken place wo 
must add a further index: K K( o>); L 'K(to); L *K(co) . The value of 
the internal conversion coefficient can be calculated from (5") if we 
substitute for i// ejL and the corresponding solutions of the relativistic 
wave-equation. For hard y-rays, with energy large compared with 
m c c\— 0-54 x 10“° erg) we obtain the formulaf 

K K(o>) — — ocH2ot\ 2V d-o>) 1 e~ 2a arcoos “ 161 

K) Zp [ ) F{l-|~2V(l- a 2 )} ’ W 


where 



(6') 


and Z is the charge-number of the nucleus in question. 

If the distance between the electron and the nucleus is comparable 
with the nuclear radius the formula (6) can no longer bo applied, as 
the electron comes into the region where the interaction is unknown. 
The contribution to the total probability of ejection due to the inter¬ 
action at small distances may be roughly estimated from the formula 


-(e). 


1 

: n 


J K,c'! J n > h' t J J c 1 $e 3 dv 


for 


' O’ 


( 7 ) 


where V n e is the interaction energy of the nuclear excited particle 
and the electron at small distances, and ip n , tp n , are the wave-functions 
for the normal and excited states of the nuclear particle. As we 
do not know the functions ip n , nor even whether the integral (7) 
may be applied for strong interaction inside the nucleus, this part of 
the probability cannot at present be estimated theoretically. We 
can only say that this probability will be proportional to the values 
of |^r ei | 2 and \<PeJ 2 inside the nucleus. 

Thus, we can conclude that the probability will be small if one or 
both of the electron wave-functions has the quantum-number Z> 0, 
as then their product vanishes when r = 0. Thus, the ejection due to 


t I am indebted to H. Casimir for this formula. 
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collision will be mainly from the E-levels of the atom, and the ejected 
electron will have no angular momentum. This leads us to the 
following exclusion principle: The ejection of an extra-nuclear electron 
due to collision may talce place only for nuclear transitions for which 
the change of angular quantum-number for the nucleus is Ai— 0, ±1. 
This exclusion principle is equivalent to that for radiative transitions , 
except that the transition, i = 0-»i = 0, is allowed. 

The total probability of ejection of an electron is given by the 
sum of both probabilities 

K <fi) — K <f>K (w )-f xif. (8 ) 

As we cannot yet calculate the value of uif, experiment must decide 
which of these two probabilities is the more important in radioactive 
nuclei. 

For this purpose we can use the results of Ellis, f who measured 
the number of y-quanta and electrons ejected from the E-level 
during the disintegration of RaB and RaC. His results are given in 
Table VIII. 

Table VIII 


Internal conversion of RaC y-lines 


ftco X 10® erg. 

Number of 
y-quanta (per 
disintegration). 

Number of 
electrons from 
JC-leveL 

Jtatio. 

*K(w) 

calculated. 

0*973 

0*668 

0-00401 

0*0061 

0*00046 

1*229 

0*065 

0*00031 

0*0048 

0*00037 

1*496 

0*067 

0*00041 

0*0061 

0*00033 

1*797 

0*206 

0*00128 

0*0062 

0*00028 

1*984 

0*063 

0*00036 

0*0067 

0*00020 

2*210 

0*064 

0*00009 

0*0014 

0*00024 

2*267 

0*000(1) 

0*0025 

00 

0*00023 

2*827 

0*268 

0*00041 

0*0016 

0*00018 

3*628 

0*074 

0*00010 

0*0013 

0*00016 


If the ejection of electrons is mainly due to internal conversion 
(i.e. if the ratio of the number of ejected electrons to 

the number of y-quanta must give directly the valuo of the internal 
conversion coefficient. These ratios are given in the fourth column 
of Table VIII, while the values calculated from formula (6) are given 
in the fifth. We see that the observed ratios are about twenty times 
larger than the calculated coefficients, which proves that the majority 
of the secondary electrons are due to direct coUisional ejections (k$). 

f Ellis and Aston, Proc. Boy . Soc ,, A, vol. cxxix, p. 180 (1930). 
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For hard y-rays, therefore, the internal conversion is unimportant 
compared with the ejection due to collision. 

In Table VIII we observe one peculiar line, 2-267, which is fairly 
strong in the secondary /?-ray spectrum but completely absent from 
the y-ray spectrum. This means that the corresponding radiative 
transition of the nucleus is not allowed; this, as we have seen, happens 
only for the transition i = 0 -* i = 0. We have already mentioned 
that this line possibly represents the transition from an excited 
level of the RaC' nucleus corresponding to a very strong group of 
long-range a-particles. 


§ 6. The Anomalous Absorption of y-rays 

The absorption of hard y-rays in matter is mainly due to the 
Compton-scattering by the extra-nuclear electrons. As the energy 
of hard y-rays is much greater than the binding-energy of the 
electrons in an atom, the ‘ Klein-JSTishina formula’f for the scattering 
by free electrons may be applied in this case. We have, therefore, 
for the absorption-coefficient a the expression: 


a = na e = 4-96.10 ~ i5 n 


where 


Ha) 


me* 


( 9 ) 

( 9 ') 


and n is the total number of electrons per c.o. of the absorbing 
substance. 

Recently the validity of this formula for hard y-rays has been 
investigated by several authors.f Their results agree in that the 
absorption-coefficients of the lighter elements fit well with the 
formula (9), whereas for the heavier elements they find an additional 
absorption, increasing rapidly with the charge-number. 

We shall discuss here the results of the recent measurements of 
Meitner and Hupfeld and of Jacobsen. Their results do not agree 
with respect to the finer details of the dependence of the anomalous 
absorption on the charge-number. 


f O. Klein and Y. Nishina, Zs.f. Phys., Bd. 52, p. 853 (1929). 

£ G. T. Tarrant, Proc . Boy. Soc., A, vol. cxxviii, p. 345 (1930); C. Y. Chao, Proc. 
Nat. Acad . Amer. t vol. xvi, p. 431 (1930); L. Meitner and H. Hupfeld, Zs.f. Phys. t 
Bd. 67, p. 147 (1931); J. Jacobsen, Zs.f . Phys., Bd. 70, p. 145 (1931). 
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In Fig. 24 the absorption-coefficient per electron a e for the y-rays 
of ThC (filtered through 4 cm. of lead and consisting practically of 
only one y-line of energy fiw = 4-212.10~®erg) in different elements 
is plotted against the charge-number. The values of Meitner do 
not lie on a smooth curve; in particular they show a marked dis¬ 
continuity between Mg and Al, the reality of which was checked 
by especially careful experiments. On the other hand Jacobsen’s 
values lie on a rather smooth curve. The theoretical value of a t 
for the y-rays used in these experiments is cr e = 1-235.1Q“ 25 , and we 
see that for the heavy elements the anomaly goes up to 40 per cent. 



T?rn 914. 

The experiments with the somewhat softer radiation from RaC 
(filtered through 4 cm. of lead but still rather inhomogeneous and with 
an average energy of ?Iaj = 2-9.10~ 6 erg) seem to show no deviations 
for the elements up to Zn (Z = 30) and deviations of only 30 per 
cent, for lead. 

The experiments do not decide whether the anomaly is duo to an 
additional scattering, or to the transformations of the y-quanta into 
some other kind of energy. The recent experiments of Grayf seem 
to show that for the elements for which anomalous absorption has 
been observed, the scattering is nevertheless normal, but these 
experiments are not quite conclusive. 

The theoretical interpretation of the observed anomalies is at 

t Gray, Proc. Boy. Soo., A, vol. exxx, p. 524 (1031). 
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present not at all clear; we do not even know whether they originate 
in the electronic shells of the atom (photo-electric effect), or if the 
effect must be ascribed to the nucleus. To decide this it would be 
very important to know whether the effect varies continuously or 
not with the charge-number, as an irregular variation would point 
definitely to a nuclear origin of the anomalous absorption. But, as 
we have seen, on just this point the experimental data do not agree 
with one another. 

However, it seems very improbable that the ordinary photo-electric 
effect should play an important part for the hard y-rays used. This 
is also shown by the fact that the additional absorption observed is 
greater in the case of ThC y-rays than in the case of the much softer 
y-rays from B.aC, as the probability of the photo-electric effect must 
be expected to decrease with increasing energy of the light-quanta. 

Turning to the nucleus we shall first discuss the possibility of 
treating the effect as due to the scattering of y-radiation by the heavy 
nuclear particles. The absorption-coefficient per nucleus must then 
be given by the expression: 


CT - 87r AT2 f 2a>(ge) 2 
n ” 3 ( c 2 


V {En—Ep ) 

4 (^--Eo) 2 -(M 2 



( 10 ) 


where ze and N are the charge and the number of the active particles 
(per nucleus) and E 0 , E v ..E n the energies of the different quantum 
states of the nucleus in question. An upper limit for the matrix- 
element of the amplitude \r nfi \ can be deduced from the general 
wave-mechanical relation 


We get, therefore: 


n 

\r | 2 < V 
l n ’ 0 ' ^2m(E n -E 0 ) 


and formula (10) becomes 

a < 8tr jp f( ze)2 T {Koj)2 

n ^ 3 ( me 2 Zi (E n -E 0 )*-(Ko>)*. 


(10') 


Assuming that the active particles are a-particles, we put z = 2; 
N~ 50, and get with fiaj = 4-212.10~ 6 erg (assuming, further, that 
there is no resonance) for the nuclear scattering a value about 1600 
times smaller than that observed. Of course, we can get much greater 

359G.2 
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values of a n by assuming that the energy of the y-quanta is very near 
to one of the energy-levels (E n —E 0 ) of the nucleus; calculation shows 
that in order to explain the observed absorption in this way we must 
have [Hoj — ( E n —E 0 )]/fia> ~ fgg. The supposition that this is really 
so for all the elements for which the effect has been observed is, 
however, highly improbable. 

co The other possibility is to ascribe the additional absorption to 
the nuclear electrons. Such an explanation, however plausible, 
cannot at present be treated theoretically on account of our ignorance 
of the behaviour of the electrons in the nucleus. We will only point 
out that, as the principle of conservation of energy does not seem to 
be applicable to nuclear processes involving the electrons, it is not 
impossible that the energy of the y-rays is not scattered but is 
directly absorbed by the nuclear electrons and disappears without 
leaving any trace. <v> 



IV 

ARTIFICIAL EXCITATION AND TRANSFORMATION 

OF NUCLEI 


§ 1. Anomalous Scattering of a-particles 

In this chapter wo shall deal with phenomena that occur when 
atoms arc bombarded by particles of very great energy which 
penetrate very close to the nucleus. For such experiments the a- 
particles emitted by different radioactive bodies are generally used 
as they have more energy than any other particles at present 
obtainable in the laboratory. Very recently attempts have been 
made to prepare artificially strong beams of rapidly moving particles 
by accelerating ionized atoms in a very strong electric field (0-3 x 10 8 
volts). We should expect the probability of observing the disturbance 
of a nuclear system by fast particles to be greatest for light elements, 
where, owing to the small electric charge, the Coulomb repulsive 
forces acting on the incident a-particles are comparatively small. 
If a beam of particles falls on a light nucleus surrounded by a potential 
barrier not very high compared with the energy of the incident 
particle, a certain proportion of the particles will be able to penetrate 
the potential barrier and reach the interior of the nucleus. We shall 
now discuss what happens to these particles. They can either escape 
from the nucleus again without losing energy (elastic collision), or 
they can give up some of their energy to the nucleus. The first 
process is responsible for deviations from the ordinary scattering 
formula for a Coulomb field of force (anomalous scattering), the 
second causes certain changes in the nucleus of the bombarded 
element (artificial excitation or disintegration of nuclei). 

We shall deal first with anomalous scattering. It is well known 
that if a stream of charged particles, such as a-particles, is scattered 
by an inverse square law centre of force, both classical mechanics 
and wave mechanics predict that the scattering is according to 
Rutherford’s law. This states that the effective cross-section which 


must be hit by a particle for it to be scattered in a solid angle doo is 


equal to 



cosec 4 |0 da), 


(D 


where Z and Z' are the charge-numbers of the scattering nucleus 
and the particle respectively, E the energy of the incident particle, 
and 6 the angle of scattering. 
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As we have seen, it is found that the scattering of a-particles by 
the heavier elements conforms exactly to this law. We deduce that 
the field of these nuclei is that of the inverse square down to the 
smallest distance to which these particles penetrate. For the light 
elements, however, Rutherford and Chadwick have found deviations 
from this law. For sufficiently slow particles the law is obeyed, but 
as the energy increases the scattering falls below that predicted 
by the law and then rises above it. Rutherford and Chadwick 
deduced that the inverse square law does not hold up to the very 
pmn.11 distances to which such particles can penetrate; they have 
estimated the radius at which the law begins to break down. 

In order to explain the anomalous scattering we must calculate 
the amplitude of the wave scattered from the nucleus when the 
plane wave which represents the incident a-particles falls on it. 
A rough approximation to the scattering law may be obtained in the 
following way from the wave-equation :f each element of volume is 
supposed to scatter a wavelet, and these wavelets interfere to form 
the resultant scattered wave. The amplitude of the wavelet, scattered 
by an element of volume dxdydz, at a distance r from it is 

( 2 ) 

times the amplitude of the incident wave at that point, where 
U(x,y,z) is the potential energy of the particle in the field of the 
nucleus. The wavelet has the same phase as the incident wave if U 
is positive and the opposite phase if U is negative. If XJ is the 
potential for a Coulomb field then the resultant of all the wavelets 
is a scattered wave of amplitude 

cosec*f 6 (3) 

which leads directly to Rutherford’s law. In the actual nuclei certain 
non-Coulomb forces must come into play at small distances, and 
deviations from Rutherford’s law may be expected. If, however, the 
potential barrier is high enough compared with the energy of the 
a-particle the amplitude of the incident wave will drop almost to 
zero at distances for which the departure from the inverse square 
law is appreciable, so that the deviations from Rutherford’s law 
will be small. If, on the other hand, the amplitude of the incident 
wave is appreciable inside the nucleus, the wavelets scattered by 
t This method is due to N. F. Mott. 
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this region will cause deviations from the law. To calculate the 
scattering exactly we should have to know the precise form of the 
field inside the nucleus. We can see that the generally adopted form 
of the nuclear potential distribution will explain qualitatively the 
deviations from Rutherford’s law. In the region where the Coulomb 
law holds the potential TJ is positive, dropping down at small 
distances (r < r 0 ) and reaching negative values (for light elements) 
inside the nucleus. Therefore, the wave scattered by the inside of 



Fig. 25 a. Scattering of a-particles by Helium. 


the nucleus will have the opposite phase to that scattered in the 
region where the inverse square law holds. Thus, in the region where 
the two waves have amplitudes of the same order of magnitude it is 
clear that the scattering will be less than that given by Rutherford’s 
formula. For incident particles of still greater energy, when the in¬ 
ternal attractive field accounts for the greater part of the total scat¬ 
tering, we should expect the scattering to be greater than that given 
by Rutherford’s formula, because the field in the nucleus is greater 
than it would be at the same distance from the centre if the nucleus 
were a point charge. It is found experimentally that the ratio of the 
observed scattering to that given by Rutherford’s formula for a given 
angle falls to a minimum and then rises again (see Fig. 25 a, b, c).f 
f Kutherford and Chadwick, Phil, Mag,, vol. 1, p. 8S9 (1925); vol. iv, p. 605 (1927). 
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The most striking deviations from Rutherford’s law are shown by 
the two lightest elements, hydrogen and helium. For these elements 
the scattering for fast a-particles is as much as 20 times as great 
as that given by Rutherford’s formula, while for heavier elements. 



such as Mg and Al, only the beginning of the ascending part of the 
curve can be observed. 

We see, therefore, that it is possible to explain qualitatively the 
observed anomalies in the scattering of a-particles by light nuclei. 



At present, however, so little is known about the exact distribution 
of the potential energy of an a-particle inside the nucleus, that it is 
useless to try to account quantitatively for the observed deviations. 

§ 2. General Theory of Inelastic Collisions 

We shall now investigate the inelastic collisions of a-particles with 
atomic nuclei, when the particle may lose part of its energy, giving 
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rise to certain changes in the nuclear structure. We must rHatingnish 
between two different cases: 

(A) The nucleus is excited by the collision and a radiative transition 
can take place to a state of lower energy (artificial excitation of 
y-rays). 

(B) One of the constituents of the nucleus is ejected during the 
collision, and the nucleus is changed to that of another element 
(artificial transformation). 



Fig. 26 a, b, c. Types of inelastic collisions -with nucleus. 


The incident particle can either escape with the rest of the energy 
or be captured by the nucleus.j - The different kinds of inelastic 
collisions are represented diagrammatically in Pig. 26 a, b, c. Here 
E a , E a ., E™ denote the energies of the original a-particle before 
and after a collision without capture and after a collision with 
capture on the %th level; E^\ Ef\ E v are the energies of the normal 
and excited states of the nucleus and of the ejected nuclear particle. 
In the two cases of artificial disintegration (Pig. 26 b, c) we have for 
the energy of the ejected nuclear particle the relations: 

E v = E a -\-[_E^ ] —E a ^\-\-b (continuous-spectrum) (4) 

E b . = E a +[E ( V-E™]+8 (line-spectrum), (5) 

where the small correction 8 is the recoil energy of the resulting 
nucleus. 

f We must notice that the processes of excitation and artificial disintegration can 
sometimes overlap. If, in the process of excitation, the excited level of the nuclear 
particle has positive energy the particle can cross the potential barrier and escape, 
instead of making a transition with radiation. Also, when the nucleus disintegrates 
the incident a-particle may be captured in one of the excited levels and can fall to the 
normal level with the emission of a y-ray. 
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The probabilities of these different processes are given by the 
transition probabilities of the system consisting of the a-particle 
and nuclear particle from the initial state to another state of equal 
energy. Accor ding to the general theory of perturbations in wave 
mechanics the probability of such a transition is given by the 

expression W==0 \j V{r a ^M a .^ d£l a d£l b \\ ( 6 ) 


where V(r ab ) is the mutual potential energy of the two particles at 
a distance r ab apart, and ifs a , if/ b , ip a t// b > are the wave-functions 
corresponding to the initial and final states of the two particles. 
We must notice that this formula (6) may be applied only when the 
probability of the process concerned is small compared with unity. 
If for certain processes the value calculated from (6) is not small 
this means that the interaction energy is large and the formula may 
not be applied. In such cases the exact solution of the problem 
must be found. The value of the coefficient C depends on the method 
of normalizing the wave-functions. 

If the wave-function >/j belongs to a discrete negative eigenvalue 
of the energy it is normalized in the usual way: 

jifrfd£l= 1. (7) 


This means actually that the probability of finding the particle 
somewhere is unity. If <Jj corresponds to a positive eigenvalue belong¬ 
ing to the continuous spectrum, this normalization loses its meaning, 
since the integral diverges at infinity. We then use the condition that 
the flow per unit area across a surface at infinity must be unity. 
In the different problems of interaction of an incident a-particle 
with a nucleus, different values of the coefficient 0 must be taken 
in the formula (6), according to how many of the four functions 
belong to the discrete and how many to the continuous spectrum. 
The value of C for the most important case, where two if >’s belong to 


negative and two to positive eigenvalues, is 0 - 




We shall require three different types of wave-functions: 

(A) The wave-function corresponding to a particle in the nucleus 
on a stable level of negative energy. Such a function represents a 
stationary wave of practically constant amplitude inside the potential 
hole of the nuclear model and decreasing exponentially for r> r 0 to 
zero as r tends to infinity. The normalized wave-function may be 
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1 I 

&<r 0 = VQ we * ; 

<Pr 0 >r = 0, 

where £2 is the volume of the nucleus and co represents a periodic 
function depending on the particular nuclear model used, but always 
of the order of magnitude unity. 

(B) The normalized wave-function representing a particle of 
positive energy E and angular momentum j, ejected from the nucleus: 

where y 3 -(r) are the solutions of the corresponding wave-equation 
which have at infinity the asymptotic expression 

<I0) 

(C) The wave-function representing a parallel beam of particles 
at infinity, i.e. the plane wave 

Apro = A sin cc+aj e h > 1 ) 

where the direction of the particle is along the a:-axis. This is 
normalized to represent unit flow across unit cross-section of the 
beam. It is well known that this expression can be expanded as a 
series of spherical waves, corresponding to particles with different 
a.ncmlar momenta. 4 relative to the nucleus! 


( 12 ) 

Thus, the effect of a plane wave may be considered to be due to a set 
of spherical waves of different j and corresponding to a flow: 


x ‘sS® +1 >- 


if/ 


The solution near the nucleus may be written in the form 
00 

where Xj( r ) has the asymptotic expression 




. , 1 . N{2mE) . \ 


( 13 ) 


( 14 ) 


( 15 ) 
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The total probability of disintegration due to one incident «- 
particle per sec. per cm. is 

r =2S®+ 1)ir »- (,4) 

3,}' 

where (2j+1) may be called the number of collisions per sec. with 


an g ular momentum j and W j<r , calculated from normalized spherical 
waves, the probability of disintegration per collision. The functions 
Xj(r) are the solutions of the equation 


where 


U j( r) = U(r)+^&±^ ; E>0. 


( 17 ) 

( 18 ) 


The only essential boundary condition for the stationary waves with 
positive energy is 

= co or x(0) = 0, ( 19 ) 

and we start constructing our solutions from this. Finite solutions 
are evidently possible for any value of the energy, in contrast to the 
corresponding problem of disintegration, where the condition that 
the solution shall represent a divergent wave can be satisfied only 
for certain discrete values of E. Starting from the value x ~ 0 at 
the centre we must continue the solution through the potential 
barrier to outside the nucleus. Inside the nucleus, where the kinetic 
energy is positive, we have, as for spontaneous disintegration, a 
stationary wave of nearly constant amplitude A. At the inner 
boundary of the potential barrier this solution must join continuously 
with the solution corresponding to the ‘region of negative kinetic 
energy’; this solution may be written: 


i 

__ A E 
Xri<r<rt ~ "+® 


r r 

J -JWj(r)~E\dr -I J 
n +A_e 


■KU 3 (r)-m dr. 


( 20 ) 


The coefficients A+ and A _ must be determined from the boundary 
conditions at r = r v in the same way as in Chap. II. We see easily 
that for an arbitrary value of E both coefficients are of the same order 
of magnitude as A. Inside the potential barrier (fj < r < r 2 ) the 
first member of (20) increases and the second decreases very rapidly, 
so that, to determine the amplitude of the stationary wave outside 
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the nucleus from the boundary conditions at r — r 2 , we need only 
use the first term, and the ratio of the amplitude outside to that 
inside will be of the order ra 

, | j 'HVjW-El dr 

Ae n r 1 


JLn special cases, when E has a value very near the real part ot one 
of the eigenvalues of the nuclear model, the coefficient J._ in (20) 
will vanish, as may easily be seen by comparing the solution with 
those of Chap. II. Thus the ratio of the amplitude outside to that 
inside is of the order 

-I / VtCJ (r)-E]dr 

• Ae h r 1 

As the solution x( r ) outside is always normalized to unity we have 
for the region inside the nucleus in general 


x( r ) 

r<r 0 


/ -HUJD-E) dr 


and in the case of resonance 

, „ +1 J -JlUj(r)-E]dr 

x(r) ~e rj 

r<r 0 


(23) 


(24) 


§ 3. Excitation of Nuclei by Collision with a-particles 

When a nucleus is excited by collision with an incident particle 
the general shape of the four wave-functions in the interaction 
integral (6) is shown in Fig. 27. The wave-functions representing 
both the normal and the excited states of the nuclear particle prac¬ 
tically vanish at distances greater than the internal radius r 0 of the 
potential barrier. On the other hand, the wave-functions represent¬ 
ing the incident and reflected particles decrease very rapidly inside 

Zz„e*\ 


the external radius 


(=%r) 


of the barrier. Hence, it is clear 


that the main part of the integral (6) will be due to the interaction 
of the particles at comparatively large distances, and we may tacitly 
assume a Coulomb interaction between the particles, and write 


J 


V(r a -r 6 ) 2 


'PAa’Mb' dCl a dD. b , 


(25) 


where z a , z b , r a , and r 6 are the charge-numbers and radius vectors 
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of the incident and nuclear particle. As far as |rj>|r 6 | wo may 
expand the Coulomb potential in a series: 


1 _ 1 . , (gg • r 6 ) | 

V(r a -r 6 ) 2 r a r\ 


(r a — 


(26) 


and the integral becomes 

I = Z a Z b e 2 £ J ~<fj a (Jj a 'dQ a jxJj b ip v dQ. b + j* y^Pa'Pa'^a 

(27) 

The second integral in the first member in brackets vanishes (owing 


Xa Xa 1 



Fia. 27 


to the orthogonality of « f> b and i// b .) and the second integral in the 
second member is simply the matrix-element r b of the radius vector 

n,?n 

of the nuclear particle. Integrating over the angles in (27) we get 
finally «, 

I = z a z b e 2 r b \ ~XaXa' dr a> (28) 

n,m J T a 
0 

the main part of the integral being due to the integration in the 
region r 0 < r. 

The solutions Xa an d Xa’ are gi ven by hypergeometric 
and have the asymptotic expressions: 
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Xa =asin~*J(2tnE a )(r—r*) 

r—> oo ft 

j »-*>r 0 . (29) 

X« sinjV(2m J & a .)(r—r*) 

r —>00 ft 


We have already seen that for finite distances from the nucleus we 
can write the solutions approximately in the form 


Xa( r ) = sin Q J V{2 m[E-U(r)]} dr + C/j 

r* 

r 

*J{2m[E' —U(r)]} dr +C7' 

r* 


Xa ,(r) = a'sin^ J* 


( 30 ) 


In the region most important for the integration, just outside the 
upper limit of the harrier, both functions are rapidly oscillating, 
and the evaluation of the integral is somewhat difficult. To make 
the approximate evaluation of the integral possible we must change 
the path of integration in the following manner :f we represent the 
solution Xa( r ) as the sum of two exponential functions so that the 
integral (28) becomes 


: *«***■ r b 

m, 


■Jcf* 

,n J r 


1 

dr +f J V{2 mlE-Umdr 


sin I J* *J{2m[E' — U (r)]} dr -f 


+ C‘ 


oc 

i 


dr “I i ''ttnW-umar 


sini J *J{2m[E'- 


■U(r)]}dr 


( 31 ) 


Both expressions under the integral sign in (31) vanish as r->oo 

owing to the factor I. On the other hand, the integrand in the first 

member vanishes exponentially for r-> +ioo and that in the second 
member for r-+—i oo. We choose, therefore, the paths of integration 
shown in Fig. 28 and integrate the first member in the upper part 
of the complex r-plane and the second one in the lower part. 

We can easily see that with such a path of integration the value 
of the whole integral is determined except for a constant factor by 


I am indebted to L. Landau for the development of this method. 
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the value of the integrand on the positive part of the imaginary- 
axis in the neighbourhood of the origin, that is, by the expression: 



Fra. 28 

The evaluation of the constant coefficient in the integral (29) is 
rather difficult, and we shall content ourselves with having found the 
dependence of the probability on the energy: 

_2 rr - r vt 2 m< u-iso) *■] 

W = P~Ae *[f> r* r (33) 

or, evaluating the integrals in the exponents in tho same way as 
in the theory of a-disintegration (p. 49): 

2ffcW(2m>Z/_l_ _1_\ 

W — Ae~ * 

We see that the probability of excitation of a given nuclear level 
decreases exponentially as the energy E 0 —E—E' of the level 
increases. 

The probability decreases also very rapidly with the charge- 
number of the nucleus, so that we can only expect to observe it for 
the light elements. 
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If the excited level of the nucleus is positive, the excited particle 
can cross the potential harrier and escape from the nucleus; i.e. dis¬ 
integration without capture of the incident a-particle. As can be 
seen from the mass-defect curves (see p. 16) the average energy of 
binding of an a-particle in the nucleus is about 10 X 10 -6 erg, so that 
in order to eject the nuclear a-particle without the capture of an 
incident one the bombarding a-particles must have energy greater 
than this. Even in this case the energies, both of the reflected and 
ejected a-particles, will be rather low and the probability of dis¬ 



integration very small; in fact, such processes have not yet been 
observed. The same can be said of the ejection of nuclear protons, 
although it is not impossible that for certain elements (perhaps B) 
the energy conditions are especially favourable and the process of 
ejection of a proton without the capture of an incident a-particle 
could be observed. As the energy of the reflected a-particle can vary 
from E ao to zero the ejected protons have a continuous energy- 
distribution between zero and E^—E^K 

In order to obtain the probability of disintegration of this kind 
we have to multiply formula (34) with a factor representing the 
probability for a proton of energy E ao E a — E p to cross the corre¬ 
sponding potential barrier. We have 

^rre^{2moc)Z f 1 _ l_\7re 3 ^( 2mp) Z 

W = Be '"'•V VJ V~ (35) 

where B depends on the direction of ejection of the proton. From 
the formula (35) it can be seen that the intensity in the continuous 
proton-spectrum vanishes at both the upper and lower limits and 
reaches a maximum for a value about two-thirds of the upper limit 
(see Fig. 29). There seems to be some indication of the existence of 
continuous spectra of low-speed protons in the disintegration of 
certain elements. 
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§ 4. Transformation of Nuclei by Collision with a-particles 

We shall now investigate in some detail the process of ejection of 
a nuclear particle when the incident particle is captured. The 
general shape of the graph of the four wave-functions under the 
integral sign in (6) is shown diagrammatically in Fig. 30. It is easy 
to see that the product of the four functions will vanish at all points 
of the six-dimensional coordinate space, over which the integral 
must be taken, which correspond to positions of either the a-particle 
or the 6-particle outside the nucleus, i.e. for r a > r 0 or r h > r 0 . Thus 


Xa Xa 1 



Fig. 30 


the integration is taken only over the inside part of the nucleus. 
The four wave-functions can be represented inside the nucleus by 


, _ i -l*.* 4“‘. 

a ~77 c a> a e e , 
i i ^ < 

h = ; rp b , = - 


1 iSsLt 
* a ' = m a> a .e * ; 

-\h,v i~t 
—co^e n e 1 : 


« ‘ ; (3« 

so that the probability of transformation per collision becomes 

= J V( - ra ^ C0a ° >a ' Ct)bl0b ' dCl °- d£l t\ 
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TRANSFORMATION BY COLLISION 


where 


2 


J V(r Uib )eo a cxJ a , 


CUfrCOtf dQ. a (lL\ 


(39) 


represents a certain average of the mutual potential energy of the 
two particles inside the nucleus and 

■K a ~\m a vl\ K h ~\m b vl (39') 

the corresponding kinetic energies. Multiplying by the number of 
6-particles in the nucleus and the number of particles in the incident 
wave with momentum j we get, for the total probability of disintegra¬ 
tion with capture, 
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where the sum must be taken over all values oij a , and the correspond¬ 
ing possible values oij' b which, from the law of conservation of angular 
momentum must satisfy the conditions 

ja^rjb' ^ Jn\ 

\ja jv I 

where j n and j' n are the values of the angular momentum (spin) of the 
nucleus before and after disintegration. 

As we do not know the actual conditions in the nucleus the value 
of the coefficient in formula (40) cannot be estimated exactly. 
However, from the fact that the intra-nuclear interactions as obtained 
from the mass defects are of the same order as the kinetic energy of 
the a-particles we can expect that the value of the coefficient will 
be not very much different from unity. 

Evaluating the integrals in the exponents of (40) in the same way 
as in the theory of spontaneous a-disintegration we get finally: 
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(42) 


It can be seen that in the conditions under whioh disintegration of 
light nuclei takes place the probability of disintegration decreases 
very rapidly with J and j' so that in practice the first member in the 
expression is important. As the main part of the disintegration is 
due to the first harmonic of the incident a-wave we must expect 
that the ejected protons will be equally distributed in all directions; 

3595.2 o 
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this, as we shall see later, is in good agreement with the experimental 
data. 

From what has been said (p. 88) about the region of validity of 
the perturbation formula (6) it may only be applied when one of the 
exponential factors occurring is small; it is not applicable, for example, 
when the energy of the incident a-partiele and the ejected proton are 
both greater than the corresponding maximum value of the potential 
energy in the barrier. 

If the energy of either the incident a-particle or ejected 6-particle 
coincides with a corresponding excited level of the nucleus we should 
expect a resonance phenomenon, i.e. a large increase in the probability 
of disintegration, as one of the functions Xa or Xi> w iU have much 
larger values than in other cases (see p. 91). The values of x in the 
resonance case are shown in Fig. 30 by dotted lines. In the two cases 
of resonance the formulae (38) becomef 
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These formulae may be applied only when the values of the exponents 
are negative. Otherwise they have no physical meaning, since they 
give values greater than unity for the probability of transformation 
per collision; in such cases we must evidently assume that this 
probability is unity. 

We have already seen that, owing to the strong interaction of the 
nuclear elements, the two kinds of levels corresponding to either 
excited a- or excited 6-particles are practically indistinguishable. 
It is therefore more reasonable to say that resonance will occur if the 
energy of the incident a-particle coincides with one of the excited states 
of the whole nucleus (original nucleus plus a-partiele); or, if the reader 
prefers, if the energy of the incident a-particle coincides with one of 
the excited ‘real’ or ‘false’ a-levels in the nucleus (see p. 70). With 
this terminology we can express simply the physical meaning of the 

t From what was said on p. 91 we must, in the case of resonance, change the sign 
in the exponential in the expression for 



IV, §4 TRANSFORMATION BY COLLISION 99 

formulae (33) and (34). If the a-particle falls on the nucleus with 
the resonance-valuo of the energy it will always penetrate inside the 
nucleus; tho probability of penetration per collision is unity. Now 
two possibilities are open; either the a-particle will escape again with 
its original energy, with a probability depending on I ja , or another 
particle will be ejected, with a probability depending on I Jb . If the 
probability for the a-particle to escape is the greater (I j a < I jt> ) the 
percentage of ejected 6-particlos will evidently be given by the ratio 
e _r t / e _ 7 , __ j n accordance with the formula (33). If the ejection 
of the 6-particlo is more probable than the rejection of the a-particle 
(I ja > Ijb) evidently a 6-particle will be ejected for every collision 
and W =zl. 

§ 5. Comparison with Experiment 

The excitation of nuclei by collision with incident a-particles was 
recently investigated by Bothe and Becker,f who succeeded in 
observing rather hard y-radiation from a number of light elements 
bombarded with a-particles from polonium. We must distinguish 
between two different kinds of artificial y-rays: 

(1) those which arise from tho pure excitation of the bombarded 
nucleus when the incident a-particle is reflected; 

(2) those which are emitted in a disintegration when the incident 
a-particle is captured on one of the higher levels of the nucleus. 

The most characteristic example of y-emission of the first kind is 
that of Be-nuclei, which, although they emit strong y-radiation, have 
never been observed to disintegrate. Of all the light elements, beryl¬ 
lium shows the strongest y-radiation, and its properties have been 
investigated rather thoroughly. It is fairly homogeneous with an 
absorption coefficient 0-5 cm. -1 in lead. Direct measurements of the 
energy of the y-rays emitted during artificial excitation have not yet 
been made. 

The energy of the emitted y-rays does not depend (within the limits 
of error) on the energy of the incident particles; this would be 
expected, as the y-rays in question correspond to transitions between 
quite definite energy-levels of the nucleus. On the other hand, the 
intensity of the y-radiation depends very much on the energy of 
the a-particles and decreases very rapidly with it. In Fig. 31 the 
number of emitted y-quanta is plotted against the range of the 

f Bothe and Becker, Zb. f. Phys., vol. lxvi, p. 289 (1930). 
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incident a-particles. The dotted curve is obtained by differentiation 
and represents directly the number of emitted y-quanta due to 
a-particles of a given range. 

A theoretical formula for the probability of excitation was de¬ 
veloped in § 3. As the coefficient in the formula (34) cannot be 



Fro. 31 

evaluated exactly, it gives only the relative probabilities for a- 
particles of different energies. We have: 

W 8 w V (8W(ii) X / X_1 \ 

_1 — g ft v^ai . (45) 

W 2 

For large values of E a , when the energy of the a-particles is greater 
than the height of the potential barrier surrounding the beryllium 
nucleus, the expression (45) becomes unity and the theoretical curve 
runs parallel to the E axis. As can be seen from the figure, the 
agreement between theory and experiment is quite reasonable. 

The results of Bothe and Becker for other elements are shown in 
Fig. 32, where the intensity of the artificial y-radiation (expressed 
roughly as the number of y-quanta per a-particle) is plotted against 
the charge-number of the nucleus. We notice that except for the two 
lightest elements (Li and Be) the excitation of y-rays has been 
observed only for elements which show artificial disintegration. 
Although we ascribe the y-rays from Li and Be to pure excitation, 
we must keep in mind the possibility of the other process which can 
occur in the disintegrable nuclei. If the incident a-particle is captured 
on one of the higher energy-levels of the product-nucleus, the proton 
ejected will have smaller energy than if it were captured on the 
normal level. This energy-difference must, however, be emitted later 
on in the form of y-radiation. It is very plausible that the y-rays 
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observed from boron, aluminium, and some other disintegrable ele¬ 
ments are of this kind. 

We shall now study the experimental results on the artificial dis¬ 
integration of the elements which have been most thoroughly in¬ 
vestigated, in order to tost the results of our general theoretical 
considerations. These elements are nitrogen, boron, and aluminium. 

40rXl0 6 
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Nitrogen. Nitrogen, the first element disintegrated, was investi¬ 
gated by Rutherford and Chadwick, f who used the a-particles of 
RaC'. Tho results of their experiments are shown in Rig. 33. As in 
these experiments thick layers of the matter to be disintegrated were 
used, the range-distribution diagram of the ejected protons is rather 
spread out. The energy of the ejected protons for each initial energy 
of the incident a-particles is given by the maximum observed range. 
We have the values given in the following table for the balance of 
energy in the disintegration. 


Table I 


* 

i? a (e m.). 

R p (om.), 

E<x X 10* org. 

A?, X10* erg. 

EnX 10 6 org. 

/\Ex 10® erg. 

0* 

8*5 

51 

14-0 

11 5 

0*7 

— 1*8 

0 s 

0*9 

40 

12*2 

9*8 

0*6 

-1*8 

0° 

6*9 

34 

11*1 

8*8 

0*5 

-1*8 

0° 

4-8 

27 

9*6 

7*6 

0*5 

-1*5 


f E. Rutherford and J. Chadwick, PM. Mag., voL xlii, p. 809 (1921). 
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We see that in the disintegration of nitrogen energy is always lost; 
AE — —1-7.10~ 6 erg = —1*1 . 10 6 volt. 

From these experiments it is impossible to decide whether tho 
protons belong to a discrete group arising from ‘collisions with 
capture’ or whether they belong to the continuous spectrum; it is 
also not impossible that there are several discrete groups of protons, as 
these would be difficult to detect from the observed range-distribution. 

Direct observations of the 
process of artificial disinte¬ 
gration of nitrogen have been 
made by Blackett in a Wil¬ 
son chamber.f He succeeded 
in obtaining eight photo¬ 
graphs of disintegrations. 
Tho fact that we can only see 
two tracks after the collision 
suggests that the a-particle 
has been captured by the 
nucleus during the process 
of ejection of a proton. 
Measurement of the angles shows that one track is duo to a particle 
of unit mass (proton) and the other to a particle three units heavier 
than the nitrogen nucleus (the product nucleus after the ejection 
of a proton and capture of an a-particle). Thus wo can conclude 
certainly that in the disintegration of nitrogen an a-particle is 
captured; evidently the conditions necessary for the existence of 
a continuous spectrum (see p. 87) are not fulfilled for nitrogen. 
Blackett gives the value A E = —2-3 . 10~ 6 erg in satisfactory 
agreement with the data of Rutherford and Chadwick. The exis¬ 
tence of only one group of protons ejected from nitrogen seems to 
prove that in this case the incident a-particle is always captured 
on the normal level (we shall see that in B and A1 a-particles pro¬ 
ducing disintegration are sometimes captured on one of the excited 
levels). This is in good agreement with the results of Bothe, who 
could find no traces of y-radiation in the disintegration of nitrogen 
(compare Fig. 32). 

The number of protons ejected from N by a-particles of different 
initial ranges is shown in Fig. 34; the dotted curve (obtained by 
t P. M. S. Blackett, Proc. Roy. Soc., A, vol. evii, p. 349 (1926). 
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differentiation) represents the relative probability of disintegration 
for a given energy of the a-particle. It can be seen from the figure 
that the curve is in general 
agreement with the theo¬ 
retical predictions; the 
probability increases first 
very rapidly with the 
energy of the a-particles, 
and for greater energies 
(greater than the height 
of the barrier) tends to 
a constant value. 

Boron. The artificial 
disintegration of boron has 
been carefully investigated 
by Bothe and Franz,f who 
used a-particles from Po 
and some from RaO'. The 
protonsojected from boron 
present three distinct 
groups, as shown in Fig. 35. 

We do not know whether 
all throo observed groups 
are duo to the most abun¬ 
dant isotope B n ,% but 
there seem to be certain 
indications that this is not 
so (see p. 114). From the 
observed ranges we find that for groups I and II the balance of 
energy is positive, so that both these groups are due to disintegra¬ 
tions with capture. For the group III the balance of energy is 
negative, and consequently this group may be due to disintegra¬ 
tions without capture; as we shall see, the peculiar behaviour of this 
group makes it very probable that it belongs to the continuous 
spectrum. 

As we have seen, the velocity of the ejected protons must decrease 



t Both© and Fr&nz, Za.f. Phya., Bd. 49, a. 1 (1928); Franz, ibid., Bd. 63, a. 370 
(1930); Both©, ibid., Bd. 63, a. 381 (1930). 

f Boron has two isotopes B„ and B 10 with relative abundance 4 :1. 
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with the angle j> o! ejection (owing to the varying energy taken by 
the recoil nucleus) and the range-distribution diagram will be dif¬ 
ferent for different angles of observation. In fact, for a direction 
nearly opposite to that of the incident a-particles {j> ~ 153°) the 
group III can already scarcely be detected, while the ranges of the 
groups I and II are considerably reduced. The variation of the range- 
distribution of the three groups of protons, with the direction of emis¬ 
sion, is shown in Figs. 36 a, b, c, where the experimental curve is 
divided into three parts. 

We observe a striking difference between the first figure and the 
other two. The protons of group III seem to be ejected chiefly in 
the forward direction; this is strong evidence that we are dealing hero 
with the continuous spectrum (see p. 95). On the other hand, for 
groups I and II the ranges gradually decrease with the angle <f>, while 
the intensity is practically constant. We see that the protons of these 
groups are distributed fairly uniformly in all directions; this is just 
what we should expect from our theoretical considerations for the 
protons ejected in disintegrations with capture of the incident a- 
particle. 

From the observed ranges in different directions we can calculate 
the corresponding velocities v of the protons in the different groups. 
We have: 


Table II 



0° 

153° 

Bp (cm.) 

74 

33 

Vp X 10-» 

4-2 

3*2 

B-Group I 


<t> 

0° 

7*5° 

o 

O 

CO 

52*5° 

106° ! 


Bp (cm.) 

33 

32 

29 

27 

20 

15 

»*XI0-*S; 

3-2 

3*2 

3*1 

3*0 

2*7 

2*4 


B-Group II 


<t> 

0° 

B p (cm.) 

c» 20 

V, x 10'" 

c. 2*6 


B-Group III 
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The velocity of the incident a-particles of polonium is 1-59.10 9 ||-;- 
For a disintegration with capture of the incident particle it can easily 
he shown from the law of conservation of momentum that the velo¬ 
cities of protons ejected in different directions must be equal to one 
another in a coordinate system moving with the centre of mass of 
the system. 




Fig. 36 a Pig. 36 6 



If an a-particle of polonium (v — 1-59.10 9 |~) collides with the 
nucleus of one of the boron isotopes B u or B w , the centre of mass of 

the system will move with velocity • * X: = 0-42.10® ^ 

X X 


or . 1-59.10 9 = 0-45. If we plot the velocities of the 

4-{—10 

ejected protons in polar coordinates the points must lie on the circles 
with centres 0-42x10® or 0-45 X 10 9 , according to the isotope from 
which the proton is ejected. Fig. 37 shows that this condition is satis¬ 
fied rather well for both groups I and II, although the experimental 
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accuracy is not sufficient to distinguish 
whether these groups are due to the 
same or different isotopes of boron. 
For group II wo obtain 0-38.10®, and 
for I, 0-52.10® (from two points only !); 
the deviations from the calculated 
values must evidently be due to the 
inaccuracy of the Geiger relation be¬ 
tween velocity and range. 

If the energy of the incident a-particles 
is reduced, the range-distribution dia¬ 
gram rapidly changes. The maximum 
ranges of the three groups will decrease 
and the intensity of each will be quickly 
lowered. These conditions are shown in 
Fig. 35. The groups II and I very soon 
disappear as the energy of the a-particles 
is decreased, while the group III can 
be observed considerably longer. The 
balance of energy for the three groups 



Fm. 37. Velocity-distribution 
diagram for disintegration of 
Boron. 


is given in the following table: 


Table III 



Thus we may deduce that the balance of energy for the different 


groups is 


A Ei = +7-4 x 10~®erg = 
?ix = +0-9xl0~ 6 erg: 
:= — 1-8x10-® erg: 


+4-7x10® volt. 
+0-6 X10® volt. 
—1-1X 10 6 volt. 


The value A Em must give directly the energy of binding of the 
proton in the boron nucleus (provided the group III is actually the 
continuous spectrum), the values A E x and AE n the differences 
between the fundamental level of the proton and the excited and 
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fundamental levels of the a-particle. If the a-particle is captured on 
an excited level a transition to the normal level with the emission of 
y-radiation must take place. Such y-radiation was actually observed 
in the disintegration of boron by Bothe. The absorption coefficient 
of the y-rays observed is 0-7 cm. -1 (in lead) which gives an energy 
of about 1-6.10 -6 erg. The fact that this energy is considerably smaller 
than the value of AEi is evidently to be explained by the supposition 
that the transition to the normal state occurs in several steps. 

Aluminium. Rutherford and Chadwiekf found that the protons 
ejected from aluminium belong to two different groups. The a- 
particles from RaC' give rise in aluminium to protons with ranges 
90 cm. and 56 cm. (in the forward direction), the long-range group 
being rather weak. Both groups appear to be discrete and have to 
be ascribed to the process of capture of the incident a-particle on 
the normal and one of the excited energy-levels. These two groups 
of protons have energies 16-5 x 10 -6 erg and 12-2 x 10~® erg, which, 
taking into account the recoil energy of the nucleus, give for the 
balance of energy in the two cases: 

AEi= +4-8x 10~ 6 erg = +3-0 X 10 6 volt. 

AEn= -f 0-4x10 -6 erg = +0-25 X 10 6 volt. 

No continuous spectrum has been with any certainty observed for 
aluminium, although some faint traces of it seem to be observed in 
the forward direction. 

Yery interesting experiments on the disintegration of aluminium 
have been made by Pose,j: who succeeded in observing the pheno¬ 
menon of resonance disintegration discussed in a previous paragraph. 
The idea of the experiments is briefly as follows. If a homogeneous 
beam of a-particles falls on a foil of the element to be disintegrated, 
and the foil is thick enough to stop all the a-particles, then in the 
different layers of the foil there will be a-particles with energies 
varying from the initial value to zero. The groups of protons resulting 
from disintegrations with capture will not be very distinct; there will 
be an overlapping, as protons will be ejected in different layers of 
the foil by a-particles with different energies.§ Suppose now that 
for a certain energy of the a-particle, between the initial value and 
zero, resonance can occur. The result will be a large increase of 

| Rutherford and Chadwick, Proc . Camb. Phil. Soc., vol. xxv, p. 186 (1929). 

J M. Pose, Za.f. Phys ., Bd. 64, s. 1 (1929); Bd. 67, s. 194 (1931). 

§ The main part of the protons will come from the surface of the foil as the 
probability of disintegration decreases with the velocity of the a-particle. 
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production of protons in a certain layer of the foil where tho a-particles 
have this particular energy. We shall therefore expect to observe 
a rather well-defined group of protons in the otherwise indistinct 
spectrum. The range of this group of protons will not change if the 
energy of the incident a-particles is decreased, but will suddenly 
disappear if this energy becomes smaller than the resonance value. 
In investigating the range-distribution of the protons ejected by the 



a-partieles of Po from a thick foil of aluminium, Pose has actually 
found two such groups with ranges 58 cm. and 47-5 cm. (in the for¬ 
ward direction). If the energy of the incident a-partioles is reduced 
by means of different filters, these groups disappear one after the 
other. The results of these experiments are shown in Fig. 38. We 
see that the range and intensity of the ordinary group III decrease 
regularly with the energy of the a-particles, while the groups I and 
II behave quite differently, as we should expect for the resonance 
groups. The group I scarcely changes in intensity if the range of the 
incident a-particles is decreased from 3-63 cm. to 2-9 cm., and it 
completely disappears if the range B a is less than 2-9 cm. We 
observe the same effect for the group II, which disappears between 
J2 a = 2-5 cm. and R a = 2-16 cm. From this we conclude that the 
ranges of the a-particles producing these two resonance effects have 
as lower limits 2-9 < R a l < 3-63; 2-16 < < 2-5. 
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Another set of experiments has been made to estimate the upper 
limits of the resonance energies. If the initial velocity of the a- 
particles is kept constant and the thickness of the aluminium foil 
reduced, the a-particles inside the foil will have ranges from 3-63 cm. 
to a certain minimum value easily found from the thickness of foil 
used. By taking thinner and thinner foils this lower limit of the 
energy of the a-particles is increased. It can be seen from the curves 
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in Fig. 39 that with such an arrangement the groups I and II dis¬ 
appear if there are no a-particles with ranges smaller than certain 
values. Thus we have 3 02 < R al < 3-48 and 1-78< J? a>n < 2-39. 
Taking into account these two limits we have that the ranges of the 
a-particles for which resonance occurs are: 

jR a j. = 3-25 cm.±0-24 cm. 
jR a Ir = 2-28 cm.±0-12 cm. 

From these ranges we deduce the energies of the a-particles producing 
resonance to be (7-5±0-4)10~® erg and (5’9±0-2)10 -6 erg. The ranges 
of the corresponding groups of protons with ranges 58 cm. and 
47-5 cm. are 12-5 X 10~® erg and 10-9 x 10~ 6 erg. Introducing the cor¬ 
rection for the recoil of the nucleus, we get for the balance of energy in 
the two cases: 

AE X — +5-4xl0- 6 erg= -f 3-4 X 10® volt. 

A E X1 = +5-4 X 10-®erg = -f3-4x 10* volt. 
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Wo see that the balance of energy for both observed resonance lines 
is the same as that for the ordinary group I of aluminium (p. 117); 
they must therefore bo ascribed to disintegrations with capture of 
the a-partiele in the fundamental level, f 

We should also expect the existence of resonance groups duo to 
the capture of a-particles on the first excited level and having tho 
same balance of energy as the ordinary group II. Such groups, 
however, have not yet been obsorved, owing to the small ranges. 

Very careful investigations of the artificial disintegration of light 
elements by Po a-particles have been recently published by Chad¬ 
wick, Constable, and Pollard.']: These experiments confirmed in 
general the previous results on boron, nitrogen, and aluminium, and 
also provided fresh data on some other elements. The deviations 
from the Geiger law connecting energy and range for protons have 
been taken into account, which makes the values for the balance of 
energy given in this work more reliable. The results obtained are 
given in Table VI. 


Table IV 

Disintegration of light elements by <x-particles of Polonium 
(P a — 3*8); E a — 8-36.10 -6 erg. 
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AEx 10-* 
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number 

number 

of ejected 

the proton 

AExlO* 


element. 

M. 

Z. 

proton <f>. 

Kp (cm.). 

erg. 

volt. 

Notes. 

B 

10; 11 


0° 

rT6 

132 

4- 5-1 

4 3*2 

And indications of the 

0 

4-0-3 

+ 0*2 

group JKpsa 20 cm. 

N 

14 

7 

0° 

17*5 

—2*1 

-1-3 

Single group. 

F 

19 

9 

0° 

55 

+ 2-9 

4-1*8 

And indications of several 
slower groups. 

Na 

23 

11 

0° 

44 

+ 1’6 

+ 1*0 

And indications of several 








slower groups. 

A1 

27 

13 

0° 

r 65 

132 

+ 3-7 
—0-2 

4-2-3 

-0*1 

And indications of the 
group Bp » 10 cm. 

P 

31 

15 

90° 

31 

+ 0*8 

4-0-5 

Single group. 


Very few data on the disintegration of other light elements are at 
present available. Some time ago Rutherford and Chadwick§ sue- 


t Prof. L. Meitner informs me however, that recent experiments done in her 
laboratory show no trace of resonance-phenomena in aluminium as observed by 
Pose. 

t J. Chadwick, J. E. R. Constable, and E. C. Pollard, Boy. Soc. Proc., A, vol. exxx, 
p. 463 (1931). 

§ E. Rutherford and J. Chadwick, Proc . Phya. Soc. Lond voL xxxvi, p. 417 (1924). 
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ceeded in disintegrating almost all the light elements up to Z = 20, 
by using very fast a-particles of RaC'. The probability of disintegra¬ 
tion, and also the energy of the ejected protons, decreases very rapidly 
as the charge of the nucleus increases. 

§ 6. Balance of Energy in Artificial Transformations 

Examination of the data at present available shows first that the 
most intense artificial disintegration, both as regards range and the 
number of the ejected protons, is observed with elements of atomic 
weight different from 4 n. The only exceptions to this rule are the 
lightest elements, Kthium (4n+3, 4»+2) and beryllium (4%-j-l). As 
for these elements the potential barriers preventing the a-particle 
from getting into the nucleus and the proton from escaping are very 
low (lower than the energy of the a-particles used), we must deduce 
that the failure to disintegrate these elements is due to unfavourable 
energy conditions, connected in some way with the behaviour of the 
mass-defect curve near the beginning (see p. 113). 

On the other hand, the elements of the 4n-type are very difficult 
to disintegrate. The lightest known elements of this type, He(4), 
C(12), 0(16), show no trace of disintegration, while the heavier ele¬ 
ments, for which the main isotope is of the 4m-type (Ne, Mg, Si, S), 
send out only a few protons of very short range. We could ascribe 
this small effect to the disintegration of isotopes of higher order 
mixed in small quantities with the main isotope; but the fact that 
the protons observed from these elements have a very small balance 
of energy compared with those from other elements not of the 4 n- 
type, makes it more reasonable to suppose that we have to deal with 
the disintegration of the isotope of the 4?i-type itself. This receives 
strong confirmation from the fact that argon, in which both isotopes 
are of the 4%-type, is also disintegrated. As we shall see, this hypo¬ 
thesis is also rendered plausible from the analysis of the general shape 
of the mass-defeot curve for fight elements. 

No elements with atomic number greater than 19 have so far been 
disintegrated; this does not, however, give us any definite information 
about the energy conditions necessary for nuclear transformations, as 
for nuclei with larger charge-numbers the probability of disintegra¬ 
tion is very small, due to the height of potential barrier. 

We shall now compare the data for the energy of binding of fight 
nuclei obtained from the study of artificial disintegration with the 
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mass-defect measurements. In Pig. 40 the energies of binding of light 
nuclei (considered as built up of a-particles, protons, and electrons), 
as obtained from the measured mass-defects, arc indicated by the 
dotted circles (O). Smooth curves are drawn through the observed 
points corresponding to the same types of nuclei, and the black dots 
indicate the hypothetical energy of binding of the nuclei for which 
the mass-defect has not been measured. The curve 4»-f-4 is drawn 



Fig. 40. Mass-defect curve for light elements from direct measurements and from 
the energy-balance in artificial transformations. 


on the assumption that all possible protons and electrons are not 
hound into a-particles, so that more than three loose protons can 
exist; in the same way we can construct the curves 4 n+B, 4n-j-6,.... 
We must notice that the curves of Fig. 40 keep their formal mean¬ 
ing for the analysis of the energy conditions in nuclear transform¬ 
ations, even if the hypothesis that the nucleus is built up from 
a-particles aB a whole is wrong. 

The balance of energy as obtained from artificial disintegration 
gives us directly the difference between the energy of binding of the 
original nucleus and that of the product of disintegration. The largest 
value of the balance of energy for disintegrations with capture of an 
a-particle gives us the fundamental energy-level of the product- 
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nucleus, while the smaller discrete values of the balance of energy 
give the excited levels. The balance of energy corresponding to the 
upper limit of the continuous spectrum gives the energy of binding 
of a nucleus containing one proton less than the original one. The 
energies of binding obtained in this way are indicated in Fig. 40 by 
little squares, while the arrows indicate the transformation by which 
the nucleus in question has been obtained.! 

From the diagram we see immediately that the conditions are very 
unfavourable for the ejection of protons for the lighter elements of 
the 4n-type, and disintegration can be expected only with a-particles 
of enormous energy. For example, in order to eject a proton from 
oxygen, a-particles with energy much greater than 9.10~ e erg are 
necessary for ‘disintegrations with capture’ and much greater than 
19.10 -6 crg for ‘disintegrations without capture’. For heavier ele¬ 
ments of this type the distance between the 4n-f-4 and 4n-)-3 curves 
decreases, and we should expect disintegration to be possible, although 
the balance of energy is still rather small. We see from the figure 
that if we actually ascribe the observed disintegration of He, Mg, Si, 
S to the main isotopes of the 4%-type, the points for the products of 
disintegration (Na 23 , Al 27 , P 31 ) fit reasonably with the 4%-f 3 curve. 

The data for disintegration of elements of the 4»+3 type (Li„ B u , 
F 19 , Na 23 , Al 27 , P 32 ) help us to construct the energy-curve for nuclei 
of the 4»+2 type, for which the mass-defect measurements give very 
little information. For JV a > 3 this curve varies in the same way as 
the 4»-J-3 curve. 

Some difficulties have been met in deciding to which of the two 
isotopes of boron we should ascribe the observed disintegrations. If 
we ascribe the observed continuous distribution of protons (assuming 
that it is really continuous) to the more frequent isotope B u , the 
point for the product of disintegration, Be 10 , must lie just under 
the point for B u . As the same product will be obtained from the 
disintegration of Li 7 with capture of an a-particle, we see from the 
diagram that Li 7 should easily be disintegrated, even with a positive 
balance of energy. Since the disintegration of Li 7 has never been 
observed, we are forced to ascribe the observed continuous spectrum 
to the disintegration of B 10 (with the product-nucleus C 13 ). Then Li 6 
should be easily disintegrable, but owing to its comparatively small 

•f As we have seen, we cannot be certain from which boron isotope the observed 
proton groups are ejected; therefore both possibilities are indicated in the figure. 
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abundance the effect would be very weak. Moreover, we should 
expect a large loss of energy in the disintegration of Be 7 , which agrees 
with the experimental data. We meet a similar difficulty with the 
groups of protons I and II from boron. If we ascribe the group I to 
B 10 , with the product C 13 , there is an irregularity in the 4n-j-l curve. 
If, however, we ascribe this group to B u , the point for the product, 
C u will lie deeper than the point for N u . As C 14 differs from N w by 
one electron only, it would be difficult to understand why the N lt 
nucleus does not capture an electron, from the JT-shell, say, and so 
transform itself into the more stable nucleus C 14 . 

All these difficulties in interpretation are due to the incompleteness 
of the available experimental material, and a more detailed study of 
mass-defects and artificial disintegration of light elements will enable 
us to find the true shape of the energy-curves. In spite of the incom¬ 
pleteness of our knowledge we can already make some predictions, 
based on the energy-curves, about the possibility of disintegrating 
a given element. Specially interesting conclusions can be drawn con¬ 
cerning the possibility of disintegrating light elements by collisions 
with protons, with the ejection of a-particles. Bor example, we can 
see from the curves that a large gain of energy may be expected 
when an a-particle is ejected and a proton captured by the lighter 
nuclei of the 4w+3 type (Li 7 , B u , Fl lfl ), whereas with nuclei of the 
; type this would mean a loss of energy. 




